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Abstract
This thesis considers the dynamics of a viscoelastic Link model. Though the constitu­
tive equation is linear, the problem has a geometrical nonlinearity and an imperfection. 
This work extends and formalises that done by Hunt and Thompson, which studies the 
elastic model, and that of Hayman, which studies the quasi-static approximation to the 
viscoelastic model. The non-linear, dynamic elastic and viscoelastic Link problems and 
the quasi-static approximation to the latter are rigorously analysed. The equilibria and 
their stability and bifurcation properties are determined and compared for the perfect and 
imperfect models. In particular, it is shown that the quasi-static approximation indicates 
stability at some equilibrium points, corresponding to large deflection, where the dynamic 
analysis indicates that the system is unstable. Asymptotic approximations to the solu­
tion of the linearised problem, subject to different loading strategies, are calculated using 
multiple scale methods.
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Chapter 1
In troduction
T h is  th e s is  lo o k s  a t  t h e  d y n a m ic  a n d  q u a s i - s ta t ic  m o t io n  o f  a  v is c o e la s t ic  L in k  m o d e l.  T h e  
L in k  m o d e l  w i th  a  S ta n d a r d  V is c o e la s t ic  e le m e n t is i l l u s t r a t e d  in  F ig u r e  1.1. I t  is a  m o d e l  
p r o b le m  fo r  a  t r a n s c r i t i c a l  b i f u r c a t io n  w i th  few  d e g re e s  o f  f re e d o m . T h e  n o n - d im e n s io n a l  
lo a d  A is t h e  b i f u r c a t io n  p a r a m e te r .  A  t r a n s c r i t i c a l  b i f u r c a t io n  o c c u r s  a t  t h e  in te r s e c t io n
F ig u r e  1.1: T h e  L ink  M odel w ith  S ta n d a rd  V iscoelastic  elem ent.
o f  tw o  b r a n c h e s  o f  e q u i l ib r ia  a n d  s t a b i l i ty  is t r a n s f e r r e d  f ro m  o n e  b r a n c h  to  t h e  o th e r ,  a s  
i l l u s t r a t e d  in  F ig u re  1 .2 . W e c a n  id e n t if y  a  c r i t ic a l  lo a d  Ac a t  w h ic h  th i s  c h a n g e  in  s t a b i l i ty  
o c c u rs .  T h e  n o n - d im e n s io n a l  m o d e l  e q u a t io n s  a re  g iv e n  b y
Wjl, . \ / l  +  s in  x  -  \ / l  +  s in  u  co s  a; .
a; =  A lt)  s m i  — c o s a ;-------------  — ------- — ------- , y ,  (1 .0 .1 a )
v '  y / 1  +  s in  x  V I  + s in .-E
y  =  - a { y  +  P ( y / l T  s in o ; — y / \  +  s inz^)} . (1 .0 .1 b )
w h e re  x ( t )  is  a  m e a s u re  o f  d is p la c e m e n t ,  y ( t )  is  th e  c re e p  s tr e s s ,  A (i) is  t h e  lo a d ,  v  
is  t h e  i n i t i a l  im p e r fe c t io n ,  a  is  r e l a te d  to  t h e  r e la x a t io n  t im e  a n d  ¡ 3  =  1 — G m  w h e re  
G m  is  t h e  lo n g - te rm  m o d u lu s  o f  e la s t ic i ty . T h e  e la s t ic  b u c k l in g  b e h a v io u r  o f  t h e  L in k
C hapter 1 Introduction
F ig u r e  1.2: (a) A T ra n sc ritica l B ifu rca tio n , (b) B ifu rca tio n  d ia g ra m  fo r th e  e lastic  sy stem . Solid 
lines in d ic a te  s ta b le  eq u ilib rium  p o in ts  a n d  d ashed  lines in d ic a te  u n s ta b le  eq u ilib riu m  p o in ts . T h e  
tra n sc r itic a l b ifu rca tio n s can  b e  seen a t  (x , A) =  (0 ,1 /2 )  a n d  (x , A) =  ( i t , —1 /2 )
m o d e l  h a s  b e e n  s tu d i e d  in  H u n t  a n d  T h o m p s o n  [18], w h o  lo o k s  a t  t h e  s t a t i c  e la s t ic  L in k  
m o d e l  w i th  im p e r fe c t io n .  E q u i l i b r iu m  c u rv e s  a re  d e f in e d  a n d  t h e  s t a b i l i ty  o f  th e  s y s te m  
is in v e s t ig a te d .  H a y m a n  [14, 15] in v e s t ig a te s  t h e  L in k  m o d e l  w i th  a  M a x w e ll v is c o e la s t ic  
e le m e n t.  H e  is in te r e s te d  in  th e  c re e p  b u c k l in g  b e h a v io u r  o f  t h e  s y s te m . H is  a n a ly s i s  
is r e s t r i c t e d  to  t h e  q u a s i - s ta t ic  m o t io n  o f  t h e  s y s te m . N e i th e r  o f  th e s e  so u rc e s  p r o v id e  
a  r ig o ro u s  m a th e m a t i c a l  t r e a t m e n t  o f  th e  m o d e l  u n d e r  c o n s id e r a t io n .  R a th e r ,  t h e y  a r e  
in te r e s te d  in  th e  b u c k l in g  c h a r a c te r is t i c s  f ro m  a  s t r u c t u r e s  v ie w p o in t .  T h is  th e s is  e x te n d s  
th e  w o rk  d o n e  in  [14, 15, 18]. T h e r e  is a  r ig o ro u s  t r e a t m e n t  o f  t h e  n o n - l in e a r ,  d y n a m ic  
e la s t ic  a n d  v is c o e la s t ic  L in k  m o d e l  a n d  th e  q u a s i - s ta t ic  a p p r o x im a t io n  to  t h e  n o n l in e a r  
sy s te m .
T h e  d y n a m ic  e la s t ic  m o d e l  is a  c o n s e rv a tiv e  s y s te m . T h e  e q u i l ib r iu m  c u rv e s  fo r  t h e  
p e r f e c t  s y s te m  a r e  r e p r o d u c e d  in  F ig u r e  1.2. W e  d e te r m in e  t h e  s t a b i l i ty  p r o p e r t ie s  o f  t h e  
e q u i l ib r ia  a n d  id e n t i f y  tw o  t r a n s c r i t i c a l  b i f u r c a t io n  p o in ts .  T h e  im p e r fe c t  s y s te m  is  a lso  
in v e s t ig a te d .  W e sh o w  t h a t  t h e  i n t r o d u c t io n  o f  a n  im p e r fe c t io n  h a s  t h e  e ffec t o f  r e d u c in g  
th e  c r i t i c a l  lo a d  a n d  r e m o v in g  th e  t r a n s c r i t i c a l  b i f u r c a t io n  f ro m  t h e  s y s te m . I n  S e c t io n  3 .3  
w e in v e s t ig a te  t h e  d y n a m ic  v is c o e la s t ic  s y s te m . T h e  e q u i l ib r iu m  c u rv e s  c a n  b e  p r o je c te d
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Chapter 1 Introduction
o n to  th e  s A -p la n e  a n d  c o m p a r e d  w i th  th o s e  o f  t h e  e la s t ic  s y s te m . W e sh o w  t h a t  t h e  e ffec t 
o f  th e  v is c o e la s tic  e le m e n t is to  s c a le  th e  e la s t ic  c r i t i c a l  lo a d  b y  t h e  f a c to r  G m . T h i s  is 
t r u e  in  b o t h  t h e  p e r f e c t  c a se  a n d  th e  im p e r fe c t  case . T h e  b e h a v io u r  o f  t h e  p e r f e c t  s y s te m  
c lo se  to  t h e  ze ro  e q u i l ib r iu m  b r a n c h  is a n a ly s e d  in  g r e a te r  d e ta i l .  W e d e te r m in e  c o n d i t io n s  
o n  th e  s y s te m  p a r a m e te r s  A , a  a n d  G m  t h a t  a llo w  u s  to  id e n t i f y  t h e  re g io n s  in  p a r a m e te r  
s p a c e  w h e re  th e  l in e a r is e d  s y s te m  h a s  o n e  r e a l  a n d  tw o  c o m p le x  e ig e n v a lu e s . W e u s e  th e s e  
r e s u l t s  in  C h a p te r  5 w h e n  c o n s t r u c t in g  a s y m p to t i c  a p p r o x im a t io n s  to  t h e  s o lu t io n  o f  th e  
l in e a r is e d  s y s te m .
I n  C h a p te r  4 w e s tu d y  th e  q u a s i - s ta t ic  a p p r o x im a t io n  to  t h e  n o n l in e a r  s y s te m . W e 
e x te n d  H a y m a n ’s w o rk  b y  a s s u m in g  t h a t  y ( 0) is  n o n - t r iv ia l .  U n d e r  th e s e  c o n d i t io n s  th e r e  
is so m e  r e s id u a l  s t r e s s  in  t h e  s p r in g  in it ia l ly . T h is  is a n o th e r  s o u rc e  o f  im p e r fe c t io n  a n d  
th is  h a s  im p o r t a n t  c o n s e q u e n c e s  fo r  th e  m o t io n  o f  t h e  s y s te m . W e sh o w  t h a t  u n d e r  th i s  
c o n d i t io n ,  th e  in i t i a l  s t a r t i n g  p o s i t io n  o f  th e  s y s te m  c a n  b e  o n  a n y  e la s t ic  e q u i l ib r iu m  
c u rv e . T h is  r e s u l t s  in  a  g r e a te r  r a n g e  o f  p o s s ib le  m o tio n s  in  c o m p a r is o n  to  th o s e  i n d ic a t e d  
in  [14, 15]. W e sh o w  t h a t  t h e  p o s i t io n  o f  e q u i l ib r iu m  c u rv e s  o f  t h e  q u a s i - s ta t ic  s y s te m  is 
e q u iv a le n t  to  th o s e  o f  t h e  d y n a m ic  s y s te m . H o w ev er, t h e  r e s u l t s  o f  t h e  q u a s i - s ta t ic  s t a b i l i ty  
a n a ly s is  d iffe r  f ro m  th e  r e s u l t s  p r e d ic te d  b y  th e  d y n a m ic  a n a ly s is .  I n  p a r t i c u l a r ,  t h e  
q u a s i - s ta t ic  a n a ly s is  in d ic a te s  s ta b i l i ty  a t  so m e  e q u i l ib r iu m  p o in ts ,  c o r r e s p o n d in g  to  la rg e  
d e f le c tio n s , w h e re  th e  d y n a m ic  a n a ly s is  in d ic a te s  t h a t  t h e  s y s te m  is u n s ta b le .  T h is  is t r u e  
fo r  b o t h  t h e  p e r f e c t  a n d  th e  im p e r fe c t  q u a s i - s ta t ic  s y s te m s . W e  e s ta b l is h  a  r e la t io n s h ip  
b e tw e e n  t h e  d y n a m ic  e la s t ic  e q u i l ib r ia ,  th e  d y n a m ic  v is c o e la s t ic  e q u i l ib r ia  a n d  th e  s t a b i l i ty  
o f  th e  q u a s i - s ta t ic  e q u i l ib r ia .  I n  p a r t i c u la r ,  w e sh o w  t h a t  th e r e  a re  tw o  p o in ts  a t  w h ic h  th e  
s t a b i l i ty  o f  t h e  q u a s i - s ta t ic  e q u i l ib r iu m  c u rv e  c h a n g e s  f ro m  s ta b le  to  u n s ta b le .  T h e  f ir s t  
p o in t  is e q u iv a le n t t o  t h e  c r i t ic a l  p o in t  o n  th e  c o r r e s p o n d in g  d y n a m ic  e q u i l ib r iu m  c u rv e  
w h ile  t h e  s e c o n d  c h a n g e  o c c u rs  a t  th e  in te r s e c t io n  o f  th e  e la s t ic  c r i t i c a l  p o in t  lo c u s  w i th
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t h e  e q u i l ib r iu m  c u rv e .
I n  C h a p te r  5 w e a p p ly  a  p e r t u r b a t i o n  te c h n iq u e ,  t h e  m u l t ip le  t im e  sc a le  m e th o d ,  t o  f in d  
a s y m p to t i c  a p p r o x im a t io n s  t o  th e  s o lu t io n  o f  th e  p e r f e c t  m o d e l  p r o b le m  l in e a r is e d  a b o u t  
z e ro . B y  im p o s in g  th e  c o n d i t io n  t h a t  t h e  r e la x a t io n  t im e  is  la rg e ,  w e h a v e  a < l ,  g iv in g  u s  
a  s m a ll  p a r a m e te r  in  th e  s y s te m . T h e  r e s u l t s  f ro m  C h a p te r  3 in d ic a te  t h a t  fo r  « < 1 ,  th e  
c h a r a c te r is t i c  e q u a t io n  h a s  tw o  c o m p le x  r o o ts  a n d  o n e  r e a l  r o o t .  T h is  a llo w s u s  to  c o n s t r u c t  
a  s o lu t io n  t h a t  h a s  b o t h  o s c i l la t in g  a n d  e x p o n e n t ia l  c o m p o n e n ts .  W e  a n a ly s e  t h e  m o d e l  
s u b je c t  to  th r e e  lo a d in g  s tr a te g ie s ;  th e  c o n s ta n t  lo a d  p r o b le m , t h e  s lo w ly  v a r y in g  lo a d  
p r o b le m  a n d  t h e  p a r a m e t r i c  lo a d in g  p ro b le m . T h e  r e s u l t s  o f  t h e  c o n s ta n t  lo a d  p r o b le m  
a g re e  w i th  t h e  a n a ly t i c  r e s u l t s  f ro m  C h a p te r  3. I n  p a r t i c u la r ,  w e sh o w  t h a t  a n  e x p o n e n t ia l  
t e r m  d e c a y s  (g ro w s) fo r  v a lu e s  o f  lo a d  s a t is fy in g  A <  ( > ) A C, r e s u l t in g  in  a  s ta b le  ( u n s ta b le )  
s o lu t io n .  I n  th e  s lo w ly  v a r y in g  lo a d  p r o b le m  w e w r i te  t h e  lo a d  a s  a  f u n c t io n  o f  e t ,  w h e re  
e  «  1. W e d e r iv e  a  c o n d i t io n  w h ic h  th e  t im e - d e p e n d e n t  lo a d  m u s t  s a t is f y  fo r  t h e  s y s te m  
to  r e m a in  s ta b le .  W e sh o w  t h a t  in  c e r ta in  c a se s , th e  s y s te m  r e m a in s  s ta b le  e v e n  i f  t h e  lo a d  
o c c a s io n a lly  in c re a s e s  a b o v e  th e  c r i t ic a l  v a lu e  fo r  t h e  c o n s ta n t  lo a d  p ro b le m . F in a l ly ,  w e 
lo o k  a t  th e  p a r a m e t r i c  lo a d  p r o b le m  w h e re  t h e  lo a d  is  in  th e  fo rm , A ( t )  =  Ao +  e cos  n t  w i th  
Ao a  c o n s ta n t  a n d  e  <  1. I n  t h e  e la s t ic  ca se  t h e  p r o b le m  r e d u c e s  to  th e  M a th ie u  e q u a t io n .  
T h e  s o lu t io n  to  t h e  M a th ie u  e q u a t io n  c a n  b e c o m e  u n s ta b le  a s  a  r e s u l t  o f  a  r e s o n a n c e  
e ffec t d u e  to  t h e  in te r a c t io n  o f  t h e  n a t u r a l  f re q u e n c y  o f  th e  s y s te m  w i th  t h e  f r e q u e n c y  
o f  e x c i ta t io n  k . T h e  in s ta b i l i t i e s  a r e  d u e  to  o s c i l la t io n s  w i th  e x p o n e n t ia l ly  in c re a s in g  
a m p l i tu d e .  W e in v e s t ig a te  t h e  e ffec t t h a t  in c lu d in g  t h e  v is c o e la s t ic  e le m e n t h a s  o n  th e s e  
r e g io n s  o f  in s ta b i l i ty .  W e  n e e d  to  d is t in g u is h  b e tw e e n  in s t a b i l i t i e s  d u e  to  o s c i l la t io n s  a n d  
th o s e  d u e  to  c re e p . W e sh o w  t h a t  t h e  v is c o e la s t ic  e le m e n t h a s  a  s ta b i l i s in g  e ffec t o n  th e  
o s c il la t io n s  a n d  t h a t  t h e r e  is  a  m in im u m  v a lu e  o f  e  b e lo w  w h ic h  th e  s y s te m  h a s  s ta b le  
o s c il la t io n s .
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T he V iscoelastic  Link M odel
2.1 In trod u ction
T h e  s e c o n d  c h a p te r  o f  t h i s  th e s is  o p e n s  w i th  a n  o v e rv ie w  o f  t h e  th e o r y  o f  v is c o e la s t ic i ty .  
D e s i ra b le  p r o p e r t ie s  o f  v is c o e la s t ic  m a te r ia l s  a r e  d e t a i l e d  a n d  so m e  r h e o lo g ic a l  m o d e ls  
a re  d is c u s s e d . T h e  v is c o e la s t ic  e le m e n t t h a t  w e u s e  th r o u g h o u t  th e  th e s is ,  t h e  S t a n d a r d  
V is c o e la s tic  m o d e l,  is  a n a ly s e d  in  d e ta i l  a n d  i t s  c o n s t i tu t iv e  e q u a t io n  is d e te r m in e d .  T h is  
e q u a t io n  is r e q u ir e d  to  c o m p le te ly  d e s c r ib e  t h e  L in k  m o d e l  w h ic h  is in t r o d u c e d  l a te r  in  t h e  
c h a p te r .  T h e  d y n a m ic  e q u a t io n s  fo r  t h e  L in k  m o d e l  a r e  f o r m u la te d  a n d  s u p p le m e n te d  w i th  
th e  c o n s t i tu t iv e  e q u a t io n  fo r  t h e  v is c o e la s t ic  e le m e n t,  w h ic h  r e s u l t s  in  a  s y s te m  c o m p r is in g  
o f  a  f i r s t  o r d e r  a n d  a  s e c o n d  o r d e r  d if fe re n t ia l  e q u a t io n .  W e a llo w  th e  L in k  m o d e l  t o  h a v e  
a n  in i t i a l  im p e r fe c t io n .  F in a lly ,  w e a p p ly  t r a n s f o r m a t io n s  t h a t  n o n - d im e n s io n a l is e  t h e  
s y s te m . F o r  a  m o re  c o m p le te  in t r o d u c t io n  to  t h e  t h e o r y  o f  v is c o e la s t ic i ty  a n d  r h e o lo g ic a l  
m o d e ls ,  th e  r e a d e r  is r e f e r r e d  to  F in d le y , L a i  a n d  O n a r a n  [8], F a b r iz io  a n d  M o r ro  [7] 
a n d  R a b o tn o v  [27]. A  b a c k g r o u n d  to  th e  m e c h a n ic s  o f  s t r u c t u r e s  is  f o u n d  in  G e re  a n d  
T im o s h e n k o  [9].
2.2 V isco e la stic ity
T h e  e ffec tiv e  m o d e l in g  o f  m a te r i a l  b e h a v io u r  r e q u ir e s  t h a t  w e c a n  d e s c r ib e  t h e  r e la t io n s h ip  
b e tw e e n  s tr e s s  a ,  s t r a i n  e a n d  t im e . T h is  r e la t io n s h ip  is g iv e n  b y  th e  c o n s t i tu t iv e  e q u a t io n  
fo r  a  g iv e n  m a te r ia l .  T h e  b e h a v io u r  o f  so m e  so lid s  c a n  b e  d e s c r ib e d  s im p ly  a s  e la s t ic  a n d
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so m e  flu id s  as v isc o u s . H ow ever, for m a te r ia ls  th a t  are  in te r m e d ia te  b e tw e e n  so lid s  a n d  
flu id s  wo n eed  to  b e  a b le  to  co m b in e  th e  p ro p er tie s  o f  e la s t ic ity  a n d  v isc o s ity . S u ch  
m a te r ia ls  are  sa id  to  b e  v isc o e la s tic . V isc o e la s t ic  m a te r ia ls  d e m o n s tr a te  a  w id e  r a n g e  o f  
b eh a v io u r  in c lu d in g  th e  fo llo w in g , w h ich  are  illu s tr a te d  in  F ig u r e  2 .1 ,
a) Instantaneous elasticity
T h is  is ch a ra c ter ised  b y  a n  in s ta n ta n e o u s  s tr a in  re sp o n se  to  a n  a p p lie d  ju m p  in  
s tre ss .
b ) Creep under constant stress
C reep  is th e  s lo w , co n tin u o u s  in crea se  in  s tr a in  d u e  to  a  c o n s ta n t  s tre ss .
c )  Stress relaxation w id er constant strain
Stress relaxation is characterised by a gradual decrease in stress when a material is 
subjected to a constant strain.
d) Instantaneous recovery
T h is  is  ch a ra c ter ised  by an  in s ta n ta n e o u s  d ecrea se  in s tr a in  fo llo w in g  th e  rem o v a l o f  
an  a p p lie d  stre ss .
e) Delayed recovery
U p o n  rem oval o f  an  a p p lie d  s tr e ss  th e r e  m ay  b e  a  s low , c o n tin u o u s  reco v ery  o f  creep  
stra in .
f)  Perm.anent set
T h a t  p a r t  o f  th e  s tr a in  w h ich  is n o t recovered  on  rem ova l o f  a n  a p p lied  s tr e s s  is  
referred  t.o as p e r m a n e n t se t.
M a ter ia ls  w ith  th e  p r o p e r t ie s  b ) , c ) ,  e) an d  f) h ave m em o ry  in th e  s e n se  th a t  p resen t  
s tr a in  d e p e n d s  o n  th e  p a s t  h is to r y  o f  s tre ss . T h is  is a n  im p o r ta n t  co n c e p t  in  th e  th e o ry
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F ig u re  2.1: T h e  s tra in  response  to  a  piecew ise c o n s ta n t s tress  for a  v iscoe lastic  m a te r ia l. A 
co n s ta n t s tress  cr0 is ap p lied  a t  tim e t \  an d  rem oved a t  tim e  ¿2 - T h e  s tra in  resp o n se  inc ludes creep 
an d  recovery  fea tu re s . Any, o r all, of th e se  responses m ay  occu r for a  ty p ic a l v iscoe lastic  m a te ria l.
o f  v is c o e la s t ic i ty . T h e  t o t a l  d e f o r m a t io n  o f  a  m a te r i a l  a t  t im e  t  d e p e n d s  n o t  o n ly  o n  t h e  
s t r e s s  a t  t im e  t  b u t  a lso  o n  a l l  p re v io u s  s t r e s s  in p u ts .  S tre s s  h i s to r y  c a n  b e  w r i t t e n  as
cr*(s) : =  c r ( t  —  s )  s  >  0
w h e re  0 ^ (0 ) is t h e  c u r r e n t  s tr e s s .  T h u s ,  if  t  is  t h e  p r e s e n t  t im e ,  c r^ s )  is t h e  s t r e s s  s  t im e  
u n i t s  in  t h e  p a s t .
I n  th i s  w o rk  I  a m  c o n c e rn e d  w i th  m a te r ia ls  t h a t  a r e  l in e a r ly  v is c o e la s t ic .  A  m a te r i a l  is 
s a id  to  b e  l in e a r ly  v is c o e la s t ic  i f  s t r e s s  is  p r o p o r t i o n a l  to  s t r a i n  a n d  B o l tz m a n n ’s s u p e r ­
p o s i t io n  p r in c ip le  is s a t is f ie d .  T h e s e  c o n d i t io n s  c a n  b e  s t a t e d  m a th e m a t i c a l ly  a s
e[ci° i  +  C2CT2] =  cie[a\] +  c2e[a\\
w h e re  e  is t h e  s t r a i n  o u tp u t ,  a \  a n d  a ' 2  t h e  s t r e s s  in p u t s  a n d  c i , c 2 a r e  s t r e s s  h i s to r y  
c o n s ta n ts .  T h e  d o m a in  o f  e is t h e  l in e a r  s p a c e  o f  h is to r ie s .  B o l t z m a n n ’s s u p e r p o s i t io n  
p r in c ip le  s ta te s  t h a t  t h e  s t r a i n  o u tp u t  d u e  to  t h e  s u m  o f  tw o  d if fe re n t  s t r e s s  h is to r ie s  is 
e q u a l  to  th e  s u m  o f  t h e  s t r a i n  o u tp u t s  d u e  to  th e  in d iv id u a l  s t r e s s  h is to r ie s .
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2.2.1 R heological M odels
R h e o lo g y  is th e  s c ie n c e  o f  d e f o r m a t io n  a n d  flow . I t  is  t h e  s tu d y  o f  th o s e  p r o p e r t i e s  o f  
a  m a te r i a l  w h ic h  d e t e r m in e  i ts  r e s p o n s e  to  a p p l ie d  fo rc es . R h e o lo g ic a l  m o d e ls  c o n s is t in g  
o f  v a r io u s  c o m b in a t io n s  o f  e la s t ic  s p r in g s  a n d  v is c o u s  d a s h p o t s  a re  u s e d  to  r e p r e s e n t  
v is c o e la s t ic  m a te r ia ls .  I n  th i s  s e c t io n  w e d is c u s s  th r e e  c o m m o n  r h e o lo g ic a l  m o d e ls ; t h e  
M a x w e ll m o d e l,  t h e  V o ig t m o d e l  a n d  th e  S t a n d a r d  V is c o e la s t ic  m o d e l.  T h e  t h i r d  m o d e l,  
t h e  S t a n d a r d  V is c o e la s t ic  m o d e l,  is  a n a ly s e d  in  d e ta i l .  B o t h  t h e  M a x w e ll a n d  V o ig t 
m o d e ls  h a v e  a  n u m b e r  o f  l im i ta t io n s  w h e n  u s e d  to  m o d e l  so lid - lik e  m a te r ia ls .  H o w e v e r , 
th e  S t a n d a r d  V is c o e la s t ic  m o d e l  r e t a in s  t h e  d e s i r a b le  f e a tu re s  o f  t h e  M a x w e ll a n d  V o ig t 
m o d e ls  a n d  o v e rc o m e s  th e i r  l im i ta t io n s .  T h is  m o d e l  is  u s e d  th r o u g h o u t  t h e  th e s is .  I t s  
c o n s t i tu t iv e  e q u a t io n  is d e r iv e d  a n d  i t s  p r o p e r t ie s  a r e  d e ta i le d .
The Linear E lastic Spring
L in e a r  e la s t ic  s p r in g s  a r e  u s e d  to  m o d e l  e la s t ic  b e h a v io u r  in  a  m a te r ia l .  T h e  l in e a r  s p r in g  
is  c h a r a c te r is e d  b y  a  t im e - in d e p e n d e n t  e la s t ic  s t r a i n  r e s p o n s e  w h ic h  is p r o p o r t i o n a l  to  t h e  
s t r e s s  in p u t .  T h is  is  i l l u s t r a te d  in  F ig u r e  2 .2 1 T h e  s t r e s s - s t r a in  r e la t io n s h ip  is  g iv e n  b y  
H o o k e ’s L aw ,
a  =  E e .  (2 .2 .1 )
T h e  c o n s ta n t  E  is  Y o u n g ’s M o d u lu s  a n d  is m a te r i a l  d e p e n d e n t .  T h e  s t r a i n  r e m a in s  c o n ­
s t a n t  o v e r t im e  a n d  d is a p p e a r s  w h e n  t h e  s t r e s s  is r e m o v e d . I n s ta n t a n e o u s  e la s t ic i t y  a n d
re c o v e ry  a r e  t h e  m a in  c h a r a c te r is t ic s  o f  a n  e la s t ic  m a te r ia l .
1 F ig  2.2, in  c o m m o n  w ith  o th e r  d ia g ra m s  w h ich  in c lu d e  a  s tre s s  in p u t  g ra p h , sh o w  th e  c o n s ta n t  s tre s s  
cr0 b e g in n in g  a t  t im e  t  =  0. T h is  is fo r i l lu s tra tiv e  p u rp o se s . B o th  a a n d  e a re  d e fin e d  on  (—oo, 0) a n d  c an  
b e  n o n - tr iv ia l  th e re .
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F ig u r e  2.2: (a) T he Elastic Spring, (b) Strain response to  a  p iecew ise con stant stress.
The Linear V iscous D ashpot
T h e  d a sh p o t  is  u sed  to  m o d e l v isc o u s  b e h a v io u r  in flu id s or f lu id -lik e  m a te r ia ls . T h e  
s tre ss -s tr a in  r e la t io n sh ip  is ch a ra c ter ised  b y  a  s tr a in  ra te  r e sp o n se  to  an  a p p lie d  s tr e ss ,  
g iv en  by
a =  7je, (2.2.2)
w h ere  r\ is th e  c o n s ta n t  o f  v isco sity . T h is  is  illu s tra te d  in  F ig u re  2 .3 . T h e  d ash p ot. is 
d eform ed  co n tin u o u s ly  w h e n  a  co n sta n t  s tr e ss  is a p p lied . U n lik e  th e  e la s t ic  sp r in g , th is  
d efo rm a tio n  is n o t recoverab le  an d  r e m a in s  a s a  p e r m a n e n t  se t .
T he M axw ell M odel
T h e  M a x w ell m o d e l c o n s is ts  o f  a  lin ea r  sp r in g  a n d  lin ea r  d a sh p o t  in  se r ie s  a s  sh o w n  in  
F ig u re  2 .4 . U s in g  (2 .2 .1 ) ,  (2 .2 .2 ) an d  th e  fa c t th a t  e =  e\ +  e -2 w e g e t  th e  fo llo w in g  
stre ss -s tr a in  re la t io n sh ip  for t h e  M a x w e ll m o d e l,
a a 
e -  —  +
E rj
T h e  M a x w ell m o d e l e x h ib its  in s ta n ta n e o u s  e la s t ic ity  (recovery) on  lo a d in g  (u n lo a d in g ).
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Figure 2.3: (a) The viscous dashpot. (b) The stress-strain relationship.
Figure 2.4: (a) The Maxwell Model, (b) Strain response to a constant stress, (c) Stress relaxation 
due to constant strain.
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Figure 2.5: (a) The Voigt. Model, (b) Strain response to a constant stress.
A creep strain develops under constant stress and a permanent set remains 011 removal 
of the stress. If a constant strain is maintained then stress relaxation occurs and stress 
decays to zero.
T h e  V o igt M od el
The Voigt Model consists of a linear spring and linear dashpot in parallel as illustrated 
in 2.5. Again, using (2.2.1), (2.2.2) and a — ai +  <7 2 , we get the following stress-strain 
relationship for the Voigt model,
. E a
e -\ e =  —.
V V
The Voigt model has a finite creep limit, cr^/E, and a decreasing strain rate under constant 
stress.
While the Maxwell model and the Voigt model have been used to model viscoelastic 
behaviour in materials, both models are specialised and do not have all the properties a) -
f) on page (i. The Maxwell model does not have a finite creep limit and there is 110 creep
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Figure 2.6: (a) The Standard Viscoelastic model, (b) The stress-strain relationship for the 
standard model.
recovery. The strain due to creep remains as a permanent set once the applied stress is 
removed. With the Voigt model there is no instantaneous elasticity (recovery) on loading 
(unloading). Neither does this model exhibit stress relaxation.
2.2.2 The Standard V iscoelastic M odel
The Standard Viscoelastic model is a 3-element model that, better reproduces the be­
haviour of real solids under load. This is the model that I will consider throughout t.his 
work. The model and its properties are illustrated in Figure 2.6. The model consists of a 
gpring-dashpot pair in parallel combined in series with a spring.
T h e  C o n stitu tiv e  E quation
Let Ei and £'2 be the spring constants and ?/ the viscous constant. Let a  be the applied 
stress and c the total deformation. The deformation of the first spring satisfies (2 .2 . 1), or
The total stress on the spring-dashpot pair is
a  =  o\ + <t2, (2.2.3)
with the spring satisfying
ay =
and the dashpot satisfying (2 .2 .2 ),
a2 =  V<i-2-
Thus, for the spring-dashpot pair, (2.2.3) gives
a = E-262 + TJB2.
The total deformation can be written as
e =  ei + e2 - (2.2.4)
Differentiating (2.2.4) we get
e = ¿i + e2,
(7 (T E -2  , E - i
=  —  H----------- e +  —— a. (2 .2 .o)
E \  77 71 E  IT]
Rearranging terms in (2.2.5) and multiplying across by E \  gives
a + E ' + B'2a =  Ey(e + — e). (2.2.6)
v n
Now, letting E  = E\, a  =  (E\ -f E^) jr) and /i = E i/i)  in (2.2.6) we get
a +  acr =  E ( e  +  ne). (2.2.7)
This is the differential form of the constitutive equation for the Standard Viscoelastic 
model.
Chaptei 2, Section 2 The Viscoelastic Link Model
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T h e  d ifferen tia l eq u a tio n  (2.2.7) p red icts  in stan tan eo u s e la s tic ity  fo llow ed  b y  a  tim e 
d ep en d en t d efo rm atio n  w h ich  ten d s to  th e  lim itin g  valu e cro( E \ + E 2) /  ( E 1 E 2) , (see F ig .2 .6 ). 
I f  th e  load  a  is ap p lied  ra p id ly  so th a t  à  an d  é are large in it ia lly  th e n  a  an d  e are  n e glig ib le  
an d  w e get à  ~  Eè.  T h e  q u a n tity  E  is th e  in stan tan eo u s m o d u lu s o f  e lastic ity . I f  th e  stress 
acts slo w ly  over a  long tim e p e r io d  th e ra te  o f d efo rm atio n  is sm a ll an d  b o th  < 7  an d  è  b ecom e 
n eglig ib le . T h e n  (2.2.7) g ives a  ~  (E/ j , /a)e.T h e  q u a n tity  (E [ i ) / a  =  ( E 1 E 2) / (Ei  +  E-j) is 
th e lon g  term  m o d u lu s o f e la s t ic ity  and  it re la tes th e  stress an d  d efo rm a tio n  in  lim itin g  
co n d ition s. S o lv in g  (2.2.7) for th e  stress a( t )  g ives th e  in te g ra l rep resen tatio n  o f  th e 
co n stitu tiv e  equ ation ,
a(t) =  E e ( t ) - a { E - ^ )  [* (2.2.8)
^  J —  OO
L e tt in g  G q — E  an d  G oo =  E ^i /a  w e can  w rite  (2.2.8) as
a( t )  =  Goe(t) +  f  G (t  — r ) e ( r )  d r, (2.2.9)
J —OO
w h ere G(t)  =  G 00 +  {Gq — G 00)e~a t , t  >  0. W e w ill refer to  th e  lon g  term  m o d u lu s o f 
e la s tic ity  as Goo •'= lim ^ o o  G(t)  an d  th e in stan tan eo u s m o d u lu s o f  e la s tic ity  as Go :=
G(0).  W e can  rew rite  th e  c o n stitu tiv e  eq u a tio n  (2.2.7) in  term s o f  Go an d  G 00 as
à +  a a  — Goè +  aG ^e. (2.2.10)
S o lv in g  (2.2.10) for th e  s tra in  e ( t ) w e get
e ( t )  =  J o e r ( i )  +  f j ( t  —  t ) ( t ( t )  d r ,  ( 2 .2 .1 1 )
—  O O
w h ere J( t )  =  Jq +  (Jo — Joo)e_Mt, Jo =  and  J«, =  G ^ .  W e can  th in k  o f j ( t )  as 
a  m em ory  fu n ction . T h e  first term  in  (2 .2 .11) represen ts th e  s tra in  co n trib u tio n  from  
th e  cu rren t stress. T h e  te rm  in side th e  in teg ra l represen ts th e  s tra in  co n tr ib u tio n  from  
a ll th e  p revio u s stress in p u ts  w ith  J ( t )  d eterm in in g  th e  cu rren t effect o f  p revio u s stress
Chap ter 2, Section 2 The Viscoelastic Link Model
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inputs. In general, J(t)  is decreasing function, indicating a fading memory property. For
the Standard Viscoelastic element we have
j ( t )  =  fi(J0o -  Jo)*-**■
Properties of the Standard Viscoelastic Model
The 3-element model exhibits the following characteristics.
1. Instantaneous Elasticity and Recovery.
D efin in g  th e stress fu n ctio n  a  [I) by
{
0 , t <  0 ,
(2 .2 .12)
0o, t  >  0,
where a$ is constant and usiug (2 .2 .1 1 ) we can write the strain as
e(t) =  aa |  J0 -  n(J0 -  Joo) ^  e- '4(t-r)d r |  ,
=  ^0 {Jo -  (Jo -  JooKl -  e - 'lf)} • (2.2.13)
Setting t =  0 in (2.2.13) gives the instantaneous deformation
e(0) =  <r0Jo =  y r -  Go
This instantaneous deformation is recovered on removal of the stress (apply the Boltzmann 
Superposition Principle).
2. Finite Creep Limit and Decreasing Strain Rate.
Under conditions of constant stress cto, the strain increases at a decreasing rate until it
leaches a finite limit. Taking the limit as t —> oo in (2.2.13) we get
lim e(t) =  aoJoc -
t->00 Croo
( îhagtàr 2. Section 2 _  The Viscoelastic Link Model
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w h ere G<x, is th e  lon g-term  m o d u lu s o f  e lastic ity . D iffe re n tia tin g  (2.2.13) w e g e t th e  
(decreasin g) stra in  rate,
e(t) =  - iu r0(J0 -  Joo)e~ld = LfOGoo
3. Stress Relaxation.
S tress re la x a tio n  is a ch a ra cte ristic  o f certa in  v isco e la stic  m a teria ls  w h ereb y  th e  stress 
req u ired  to  m ain ta in  a  co n stan t stra in  decreases over tim e. I f  a  u n it stra in  is im p osed  a t 
tim e t  =  0 an d  m ain ta in ed  for a ll tim e t  >  0, th en  from  (2.2.9) w e have
er(t) =  Gq +  f  G ( t  — r ) d r  =  G ( t ). 
Jo
So, th e  fu n ctio n
G(t)  =  Goo +  (G 0 — G 00)e~at , (2 .2.14)
is th e  stress re la x a tio n  fu n ctio n  w ith  a  =  l / t T, w h ere t r is th e  re la x a tio n  tim e. It d em on ­
stra te s  th a t  th e stress req u ired  to  m ain ta in  a  co n stan t s tra in  is e x p o n e n tia lly  d ecreasin g.
2.3 T h e Link M od el
T h e  L in k  m od el th a t  is in v estiga ted  in th is th esis has b ee n  a n a ly sed  b y  variou s a u th o rs 
in  th e  litera tu re . H unt an d  T h o m p so n  [18] looks a t th e  s ta tic  e lastic  case an d  d erives 
e q u ilib riu m  equ ation s. H e does n o t consider th e  d yn a m ic  e lastic  case or in clu d e th e  v is ­
co e lastic  elem ent. H aym an  [14, 15] considers th e q u a si-s ta tic  eq u atio n s o f  th e  L in k  m od el 
w ith  a  M a x w e ll v isco e la stic  elem ent. H e ign ores th e  tim e  d ep en d en ce due to  in ertia . In  
th is th esis we are in terested  in  th e d yn am ics o f  th e  v is c o e la stic  L in k  m od el w ith  a  S ta n ­
d ard  V isc o e la stic  elem ent. T h e  lo a d  is allow ed  to  b e  tim e d ep en d en t. In  th e  fo llo w in g  
sectio n  th e  d yn am ic  eq u atio n s for th e  L in k  m od el w ith  a  S ta n d a rd  V is c o e la stic  elem en t 
an d  tim e-d ep en d en t lo a d  are fo rm u lated .
16
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Figure 2.7: The Link Model with Standard Viscoelastic element.
2.3.1 Formulation o f the D ynam ic Equations
Consider the Link model in Figure 2.7. A light rigid rod of length a is hinged at O. The 
end A is connected to the point B by a Standard Viscoelastic element. O B  is of length a. 
The viscoelastic element exerts a force a(t) in the direction AB.  A time-dependent load 
P(t)  acts vertically downward at A. Conservation of angular momentum about 0  requires 
that
—m a20(t) =  —aP(t)  sin£?(i) -I- acr(t) sin r/>(i), (2,3.1)
where </) — ?r/4 — 6/2.  Now
. , . ,7T 6 .  1 C O S 0
sm<f> =  sin(— — - )  =
'4 2 ^/2 \/l +  sin 9
Substituting for <j> in (2.3.1) and simplifying gives the following dynamic equation,
/1C°Sg „ . (2.3.2)
rn a  y /2 m a  v  1 +  sin 6
The length of AB  is
2 a  cos (j) —  a y / 2 ( 1  + siu0 ).
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A s  a  m easu re o f strain , w e choose exten sion  from  a  n a tu ra l referen ce. T h is  n a tu ra l ref­
erence is chosen so th a t  it  is stress free. Id e a lly  we w an t 6 =  0 to  b e  th e  referen ce sta te , 
so th a t  th e  n a tu ra l le n g th  o f A B  w o u ld  b e  ay/2. H ow ever, la te r  w e w an t to  s tu d y  an  
im p erfectio n  in  th e  L in k  m o d el and  th erefore we a llo w  th e  n a tu ra l s ta te  to  b e  6 =  Oi, 
w h ich  w e consider sm all. T h e  exten sion , m easu red  fro m  th e  referen ce sta te , is g iv en  b y
2a  cos (j) — 2a cos fa =  a V 2 ^ \/l +  sin  6 -  v / l +  s i n f l i } ,  (2.3.3)
w h ere fa =  7r/ 4  — 0,-/2. F rom  (2.3.3), we w rite  th e  s tra in  as
e =  \/T+~sin0 — \ / l  +  sin/?,. (2.3.4)
W e assum e th a t th e  v isco e la stic  elem ent is com posed  o f  a  S ta n d a rd  V is c o e la stic  m ateria l. 
T h e  stress a( t)  satisfies (2.2.10) w ith  in itia l co n d itio n
r°
cr(0) =  G 0e(0) -  a ( G 0 -  G « ,) / e ( r ) e “ r (iT,
J — OO
w h ich  can  b e  d eterm in ed  from  th e  in itia l stra in  h istory. D efin e
a c(t) =  a ( t ) -  G 0e(t).  (2.3.5)
D ifferen tia tin g  (2.3.5) an d  u sin g  (2.2.10) w e ca n  w rite  th e  c o n s titu tiv e  e q u a tio n  as
<jc + a c r c = —a ( G 0 -  G ^ e .  (2.3.6)
w ith  erc(0) =  —a ( G o — Goo) e ( r ) e a r cZr. N o te  th a t  crc (0) —> 0 as a  —> 0. W e ca n  th in k
o f a c as th e  stress co m p on en t due to  creep. F rom  (2.3.6) an d  (2.3.2), w e see th a t  th e  
eq u atio n s o f m otio n  are
n p  ■ n Go  { \ / l  +  s in 0  — y / l  +  s i n 0 , }  co s 0 a c cos 9
6 =  s m 0  -¡=  ----------------- . — ------------------------t=— ■ — =■  (z .o .ia )
m a  V 2 m a  v l  +  s in 0  \/2 m a v l  +  s in 0
<jc =  - a  ( a c +  (G 0 -  GoQ) | V l  +  s in 6> -  i / l  +  s in ( 9 ^  . (2.3.7b)
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We now transform the system into one involving dimensionless variables. Define, the
following transformations.
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*(«) = «(,/-#L-‘). U v 2'rna
\rs\ nt / - V2rna
x l t ) - p ^ ^ z t ] e ; ' a  = 1  —
Go
/ /  =  Oi.
Applying the above transformations to (2.3.7) gives the non-dimensional system,
. v/ 1  + sin a: -  s/1 + sini/ cosx tn ,t 0 s
x =  A i s m i  — cosx ---------- . —    . —w, (2.3.8a)
>/l +  sinar x / l T s E i
y  =  —a  j y  +  (5 ^\/l +  sinx — V l  +  sinv'j j . (2.3.8b)
with initial conditions :t-(0 ) =  Ci, ¿(0) — (2 , 3/(0) = 7  and initial imperfection u. We 
call the system with u /  0 the imperfect system. In the limit as u —> 0 the equations 
for the imperfect system tend to those of the perfect system. For ease of notation we 
drop the" from a  for the remainder of the thesis. It is useful to note the effect that 11011- 
dimensionalising of the variables has on the moduli of elasticity. They have been scaled 
by the instantaneous modulus G'o so that the instantaneous modulus is now equal to 1 
and the long-term modulus is Gm — (?oo/C?o>
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3.1 In tro d u ctio n
In  th is ch ap ter w e a n a lyse  th e  d yn am ic  system  for th e  L in k  m od el. W e b e g in  w ith  the 
e lastic  system  w ith o u t im p erfection . W e sh ow  th a t  th e  sy ste m  is co n servativ e  an d  use th is 
p ro p e rty  to  ca lcu la te  th e  e q u ilib ria  o f th e system . T h e  s ta b ility  p ro p erties o f th e  e q u ilib ria  
are also determ in ed . W e id e n tify  and  d iscuss th e  b ifu rca tio n  p o in ts o f th e  e la stic  system . 
In S ectio n  3.3 w e a n alyse  th e p erfect v isco e la stic  system . A g a in , the e q u ilib ria  an d  th eir  
p rop erties are d eterm in ed . W e d iscuss th e effect th a t  th e  in tro d u ctio n  o f  th e v is c o e la stic  
elem ent h as on  th e  b eh a v io u r  o f th e  system . C e n tre  m an ifo ld  th e o ry  is used  to  id e n tify  
th e  ty p e  o f b ifu rca tio n  th a t  occu rs in  th e  v is c o e la stic  system , w ith  som e d e ta ils  o f  th e  
ca lcu la tio n s g iv en  in  A p p e n d ix  C . In  S e ctio n  3.4 w e loo k  a t th e  im p erfect e la stic  an d  
v isco e la stic  m odels. W e com p are th e  e q u ilib ria  w ith  th ose fo u n d  in  th e  p erfect case. In  
a p p e n d ix  A , w e g ive  an  o verview  o f  th e  th e o ry  o f  o rd in a ry  d ifferen tia l eq u atio n s, an d  
in tro d u ce  elem en ts o f  th e  th eo ry  th a t are u sed  in  th is  ch ap ter. For a  fu ller a cco u n t th e 
read er is referred  to  G u cken h eim er an d  H olm es [11], H ale an d  K o g a k  [13] an d  G le n d in n in g
[10]. T h e  s ta b ility  o f th e e q u ilib ria  for th e  v isco e la stic  system  is d eterm in ed  u sin g  the 
R o u th -H u rw itz  criterio n , w h ich  is d eta iled  in A p p e n d ix  B .
20
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3.2 T h e D y n a m ic  E lastic  S y stem
The dynamic elastic system is obtained by letting a> —> 0 in (2.3.8). Then y(t) =  0, Also, 
since o-c(0) -* 0 as a  —» 0 we have ?/(/,) =  0. We consider the constant load model so that 
the system is autonomous. The model equation is
,  . n/TTsHTx - v/TTsiiu^
x =  A sin x — cos x ---------- . _ ------—, (3.2.1)
V 1 +  sin x
with initial conditions x(0) =  (i and :i;(0) =  (2- We first consider the perfect case by 
setting v = 0. The imperfect system is discussed in Section 3.4.
3.2.1 Conservation of Energy
If we let
. . .  /  v'l + sina:- VI + sin (A
vlx, A) — — Asm a: — cos a.*- ---- 7- -----)
\  V 1 +  S I M  /
then the perfect elastic system can be written in the form
x  =  -« (a , A), (3.2.2)
thus is conservative (see A .6 ). The energy function is given by
x2
E(x,x,  A) =  —  + F(a;,A),
w here
f'iSi
y(:c, A) = / v(s,X)ds
J 0
=  — A(1 — cos a:) + ( V l  + sin a: — l j  , (3.2.3)
is the potential energy function. The energy function E(x,  x , A) is a constant ol the motion 
of the system.
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Figure 3.1: Tim function Ap;(x).
3.2.2 Equilibria
The equilibrium points x of the conservative system satisfy V'(x,  A) =  0. The equation
rrtt , • { \ / l  +  sinæ  -  1} c o s x
0 =■ V (as, A) =  A sin æ -------------------= ■—------- , (3.2.4)
y l  - f  s in x
results in three branches of equilibria for — |  < x <  4 ,^
• the branch {(0, A) : A £ R );
• the branch {(7r,A) : A e  R};
• the branch {(æ, Aje (as)) : A =  Aü'(.t),— |  < x <
where
v/I +  sin x  — 1 , .
Ab(œ) :=   , — ■ (3.2.5)
tan x v  1 +  sin  a;
In order to plot the branch (x , Ae (x )) we need to know some properties of A«.
Proposition 1. The function A : (—tt/2, 37r/2 ) —> i ï  given by (3.2.5) is a strictly
decreasing CJ2 invertible function with A/?(0) = 1/2, A b (tt/2) = 0 , A y (7r) = —1/2 and
dAu/dx[—n/2+ ) =  oo, i/Aj^ /c/rt: (37r/2 _ ) = —oo.
22
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x -  0 x =  n
Figure 3.2: The equilibrium curves of t.lio elastic system.
The proof to this proposition is straightforward and the function A/?(.'/.■) is plotted in Figure
3.1. The branches of equilibria are therefore as drawn in Figure 3.2. The (x, A/,;(x)) 
branch intersects the (0, A) branch at (:<;, A) = (0,1/2) and intersects the (7r,A) branch at, 
(as, A) =  (tt, —1/2).
3.2.3 Stability A nalysis o f the Equilibria
We wish to determine the stability of equilibrium points along each of the three branches 
of equilibria. We are interested in finding the non-liyperbolic equilibrium points and 
determining if a bifurcation occurs at any of these points.
Proposition 2. Suppose that x  is an equilibrium point, of the elastic, conservative, system
(3.2.2), implying that x  is also a critical point of the potential function x —> V (•, A). Then,
(i) x is an unstable saddle point i f  A) < 0. 1
(it) x  is an stable centre, point if Vxx(x, A) > 0.
(in) x is an unstable cusp i f Vxx(x, A) — 0 and, V#ræ*(œ,A) ^  0.
'The x-subscript. denotes partial differentiation with respect to x. Therefore, Vxx =  d2V /d x \  etc.
23
T h u s, s ta b le  cen tre  p o in ts corresp on d  to  m in im um  p o in ts o f th e  p o te n tia l fu n c tio n  w h ile
at m a x im u m  p o in ts  o f th e  p o te n tia l we h ave u n sta b le  sad dle  p o in ts. T h e  secon d  d eriv ativ e
o f th e  p o te n tia l fu n ctio n  (3.2.3) is
tt" / \ \ , ■ y i  +  sin® — 1 1  cos2 ,-z;Vxx{x, A) =  — A cos x — sin a ;  , —  b     (3.2.6)
v/1 + s in .'c  2 ( i + s in : c ) 2
P ro p o sitio n  3. Consider the dynamic autonomous elastic sys tem  (3.2.2).
a. The equilibria (0, A) are stable for  A <  1/2  and unstable fo r  A >  1/2 .
b. The equilibria (ir, A) are stable for  A >  — 1/2  and unstable for  A <  - 1 / 2 .
c. The equilibria (A ^ 1 (A ),A ) are stable for  A >  1/2  and  A <  — 1/2 , and unstable for  
- 1 / 2  <  A <  1/2 .
The points  (0 ,1/ 2 ) and (tv, —1/2) are unstable cusp points, and non-hyperbolic equilibria.
Proof,  a.) F or (x,  A) sa tisfy in g  {(0 , A) : A 6  R }  w e get VXX{Q, A) =  — (A — 5 ). N ow , from  
p ro p o sitio n  2 , w e have
(i) For A <  | ,  Vxx(0, A) >  0, im p ly in g  th a t  (0, A) is a  sta b le  cen tre  p oin t.
(ii) For A >  ijj, Vxx(0, A) <  0, im p ly in g  th a t  (0, A) is an  u n sta b le  sad d le  p o in t.
(ii) For A =  5 , Vxx( 0 , 1/2) =  0 an d  V ^ ^ O , 1/2 ) ^  0, hence (0 ,1/ 2 )  is a n o n -h yp erb o lic , 
u n sta b le  cu sp  p o in t .
b .) F or (x , A) sa tis fy in g  { ( 7r, A) : A G R }  w e get Vx x (vr, A) =  A + ^ . A g a in , u sin g  p ro p o sitio n  
2 , w e have,
(i) For A >  — 5 , Vxx(ir, A) >  0, im p ly in g  th a t  (tt, A) is a sta b le  cen tre  p o in t.
(ii) F or A <  - i ,  Vxx{tt, A) <  0, im p ly in g  th a t  (7r, A) is an u n sta b le  sad d le  p o in t.
(iii) For A =  — | ,  Vxx(tt, A) =  0 an d  Vxxx(tt, A) ^  0, hence (ff, - 1 / 2 )  is a  n o n -h y p erb o lic , 
u n sta b le  cu sp  p o in t.
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Figure 3.lì: The function Vmx(x, A/.’(a;))
c.) The third branch of equilibria has a A dependency. We need to examine the (.bird 
derivative of the potential, Vxxxi^i ^)i ’n order to be able to identify fixed points and 
regions of increase and decrease of (3.2.6). Differentiating (3.2.6) and substituting (3.2.5) 
for A we get
Vxxx(x, AB(x)) =  -  j -— ('°S i , 7t/ 2  < x <  3tt/2,
■* (1  -j- sino;)*
which has the same sign as — c o s x .  Thus,
• Kt.t3:(-''m A e ) < 0 for —|  < x <  |  implying that Vxx(x, Ajs) is decreasing;
•  Vxxx(xi A ;;)  =  0 for x =  |  implying that Vx:r.(x, A/?) has a critical point;
• Vxxx{^i  A c )  >  0 for |  <  x <  ~  implying that Vxx(x, An)  is increasing;
• Vxx{%, A#) =  0 for x = 0, x =  7r.
This information is used to plot V:KX{x, A/,;) in Figure 3.3 and we s<;e that
(i) For x G ( —|,())U (7r, 4^) we have Vx x (x , A r ) >  0 implying that the branch of equilibria 
over this range of x  correspond to stable centre points.
(ii) For x  G (0,7r) we have Vxx(x, A#) < 0 implying that the branch of equilibria over this 
range of x correspond to unstable saddle points.
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m in. m ax.
A <  - 1 / 2  
- 1 / 2  <  A <  1/2  
A >  1/2
0 , A ^ 1 n
0, 7T A g  
A g  , 7T 0
T a b le  3.1: The position of local minimum and maximum points of V(x,  A) for different A values. 
We can clearly see the interchange between minimum and maximum points, indicating the change 
in stability of equilibrium points as A varies.
(iii) For x =  0 , 7r we have Vxx(x , A e ) =  0 an d  Vxxx( x , A e ) ^  0, hen ce th e se  e q u ilib ria  are 
u n sta b le  cu sp  p o in ts. □
So, w e en cou n ter a  change in  th e  s ta b ility  ty p e  o f eq u ilib ria  on th e  (0, A) b ra n ch  a t A =  1/2  
and  on th e  (7r, A) b ra n ch  at A =  — 1/2 , in d ica tin g  th a t  th e  eq u ilib riu m  p o in ts  (a:, A) =  
(0 ,1/2 ) an d  (x,X) =  (n,  —1/2 ) are b ifu rca tio n  p o in ts for th e  system . T h e se  e q u ilib ria  
corresp on d  to  th e  in tersectio n  p o in ts  o f th e  ( x , A e { x ) )  b ra n ch  w ith  th e  (0, A) and  (tt, A) 
bran ches. T h e  change in  s ta b ility  ca n  b e c le a rly  seen b y  ex a m in in g  th e  c r itic a l p o in ts  o f  
th e  p o te n tia l fu n ctio n  for variou s valu es o f A, as show n in  F ig u re  3.5, F ig u re  3.6 an d  F ig u re
3.4. T h e  lo c a l m in im um  an d  m axim u m  p o in ts are  g iven  in  T a b le  3 .1. For — 1/2  <  A <  1 / 2 , 
V(-,  A) h as lo c a l m in im a at 0 , 7r an d  a  lo c a l m axim u m  at A ^ 1 (A). A s  A in creases th ro u g h  
A =  1 / 2 , th e  lo ca l m in im um  at 0 in terch anges w ith  th e  lo ca l m ax im u m  at A g 1 (A). T h e  
lo c a l m in im um  at tt rem ains u nch an ged . H ow ever, as A decreases th ro u g h  A =  — 1/2 , we 
en cou n ter an  in terch an g e b etw een  th e  th e  lo c a l m in im a at n  and  th e  lo c a l m axim u m  at 
A g X(A). T h e  nu m ber o f e q u ilib ria  p o in ts changes from  tw o to  one an d  b a ck  to  tw o as we 
p ass th ro u g h  th e  p a ra m eter valu es A =  ± 1 / 2 . T h ese  b ifu rca tio n s are d iscu ssed  in  m ore 
d e ta il in  th e  n e xt section.
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Figure 3.4: Potential function K(."c, A) for A < —1/2.
Figure 3.5: Potential function V(x,  A) for —1/2 < A < 1 /2 .
F ig u re  3.6: P o te n tia l fu n c t io n  V (x, A) fo r A >  1 /2 .
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\s s
X =  0 x  —  7T
F ig u re  3.7: Bifurcation diagram  for the elastic system. Solid lines indicate stable equilibrium 
points and dashed lines indicate unstable equilibrium points. The transcritical bifurcations can be 
seen at (a:, A) =  (0,1/2) and (a:, A) =  (tt, —1/2)
3.2.4 D iscussion of Bifurcations
W e h ave iden tified  3 branch es o f e q u ilib ria  for th e system , a n d  th e  s ta b ility  ty p e  o f  the 
e q u ilib ria  on  each  b ra n ch  h as b ee n  d eterm in ed . T h e  e q u ilib ria  are  p lo tte d  in  th e  b ifu rca ­
tio n  d ia g ra m  in  F ig u re  3.7
A t a  b ifu rc a tio n  p o in t th ere  is a  q u a lita tiv e  change in th e to p o lo g ic a l fea tu res o f  th e  
flow  o f  th e  system . In  p a rticu la r  w e are  in terested  in valu es o f  A a t w h ich  th e  n u m b er 
a n d /o r ty p e  o f  eq u ilib riu m  p o in ts changes. W e have a lre a d y  seen th a t  th e  eq u ilib riu m  
p o in t (x , A) =  (0, | )  is n o n -h yp erb o lic  and  is a  b ifu rca tio n  p o in t for th e  system . A t  th is 
b ifu rca tio n  p o in t tw o bran ch es o f e q u ilib ria  coalesce an d  a ch an ge is s ta b ility  o ccu rs. T h e  
o rig in  changes from  b e in g  sta b le  to  u n sta b le  and  s ta b ility  is tran sferred  to  th e  b ra n ch  
(x, A e (x ) ) .  T h is  ty p e  o f  b ifu rca tio n  is ca lled  a  tra n scritica l b ifu rcatio n . T h e re  is a  re d u c­
tio n  in  th e  nu m ber o f  eq u ilib riu m  p o in ts  from  tw o to  one at th e  b ifu rca tio n  p o in t. A s  A 
increases th ro u g h  A =  1/2  th e  n u m b er o f eq u ilib riu m  p o in ts in creases to  tw o again . A
2 8
sim ilar b ifu rca tio n  o ccu rs a t (x , X ) =  (7r, — 1/2 ), w here th e  ( x , A e ( x ) )  b ra n ch  in tersects 
th e  (7r? A) branch.
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3.3 T he D yn am ic  V isco e la stic  S y stem
T h e  d yn am ic  v isco e la stic  system  w ith o u t im p erfection  is
. v T T s m x - 1  cos a; . .
x =  A s in x  — c o sa ;   =--------- = y , (3 .3 .1 a )
v/l +  sina; v l + sin;c
y =  —a [ y  +  (5 \ / i  +  sina; — 1 V  (3 .3 .1b )
0 <  a  is th e  n orm alised  re la x a tio n  co n stan t an d  (3 — 1  — G m , w h ere 0  <  G m <  1 is th e  
n orm alised  lon g  term  m o d u lu s o f  e la s tic ity  a sso cia ted  w ith  th e  v is c o e la stic  elem ent.
3.3.1 Equilibria o f the V iscoelastic System
L e t x  =  ( x , y ,X )  b e  an eq u ilib riu m  p o in t for th e  v isco e la stic  sy ste m  (3 .3 .1). From  (3 .3 .1b ) 
w e see th a t  eq u ilib riu m  p o in ts sa tis fy
y  =  —¡3 \/l +  sin a; — 1 . (3.3.2)
For th e  rem ain d er o f th is  an a lysis  w e w ill refer to  th e  e q u ilib ria  (x,y(x),  A) in  term s
o f (a:,A). W e can  v ie w  th is  as a p ro je ctio n  o f th e e q u ilib ria  onto  th e  rrA-plane. B y
s u b s titu tin g  (3.3.2) in to  (3 .3 .1a) w e h ave  th a t
, . _ ^  +  sin  a; -  1
A s in x  — G m cos x  . —  =  0, (3.3.3)v 1 +  sina;
g iv in g  a  re la tio n sh ip  b etw een  x and  A w h ich  defines e q u ilib riu m  curves. W e n o tice  im m e­
d ia te ly  th a t  (3.3.3) is eq u ivalen t to  (3.2.4) w ith  A rep lace d  b y  A/ G m . H ence, it  fo llow s 
th a t  th ere  are 3 bran ch es o f  eq u ilib riu m  p o in ts for th e  v is c o e la stic  case,
• th e  b ra n ch  {(0, A) : A € R } ;
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•  th e  b ra n ch  { ( 7r, A) : A G R } ;
•  th e b ra n ch  { (x , A ^ ( x ) )  : A =  A y ( x ) ,  — |  <  x  <  4p};
w h ere
G m (\/ L +  sin  a; -M z )  = — --- , .
t a n x v l  +  s i n s
B y  p ro p o sitio n  1, A y ( x )  is a  s tr ic tly  d ecreasin g C 2 in v ertib le  fu n ctio n  w ith  A y  (0) — G m /2,  
A y ( 7r / 2 ) =  0 , A y ( 7r) =  —G m /2  an d  d A y / d x ( — 7r/ 2 + ) =  oo, d A y / d x ( 37r/ 2 _) =  — oo. T h u s, 
th e (x , A y ( x ) )  b ra n ch  o f e q u ilib ria  in tersects th e  (0, A) b ra n ch  a t (0, G m / 2 ) and  th e  p o in t 
o f  in tersectio n  o f  th e  ( x , A v ( x ) )  b ran ch  w ith  th e (-7T, A) b ra n ch  is (tt, — G m /2).  W e can  
co m p are  the e q u ilib ria  o f th e  e lastic  system  to  those o f  th e  v is c o e la stic  system . W e see
th a t  th e  {(0, A) : A G R }  an d  { (7r, A) : A G R }  b ran ch es o f  e q u ilib ria  o f th e  e lastic
sy ste m  are reta in ed  for th e  v isco e la stic  system . H ow ever, th e  b ra n ch  (x , A y ( x ) )  satisfies 
A y ( x )  <  A e (x ) for — 7t/ 2  <  x  <  7t / 2  an d  A y ( x )  >  A j%(x) for 7t / 2  <  x <  3n /2 .  T h e  
v is c o e la stic  e q u ilib ria  are p lo tte d  in  F ig  3.8. T h e  s ta b ility  p ro p e rtie s  are  d ete rm in ed  in 
th e  n e xt section.
3.3.2 Stability A nalysis of the Equilibria
T h e  s ta b ility  ty p e  o f  th e  e q u ilib riu m  p o in ts o f th e  p erfect v isc o e la stic  system  ca n  b e  d e te r­
m in ed  fro m  th e  lin ea risatio n  o f (3 .3 .1). In  p a rticu lar , w e need to  ca lcu la te  th e  eigen valu es 
o f  th e  J acob ian  m atrix . W e w rite  th e  non -linear system  in  th e  form
x  =  f ( x ) .  (3.3.5)
N ow , let x  =  x  +  £ w h ere x  is an  eq u ilib riu m  p o in t o f (3.3.5) an d  | £ |<C 1. T h e n  £ 
a p p ro x im a te ly  satisfies
£ = £/(*)£,
C hapter 3 , Section 3___________________________________________ ________The Link Model: A Dynamic Analysis
30
1) (3.3.4)
C hapter 3, Section 3    •Tl.te Link Mode!: A Dynamic Analysis
Figure 3.8: The- equilibrium branches of t,he perfect viscoelastic system. Solid lines indicate stable 
equilibrium points while the dashed lines indicate unstable equilibrium points.
the linearisation about x. Here Df(x) ,  which is the Jacobian matrix evaluated at. x : is 
given by
Df ( x)  =
0 1 0
Acosx + sinf + ^ l ^  0
 n fi  cos :i:
2 \/i+sinS 0 —a
where y(x)  is given by (3.3.2). The characteristic equation A(/>) of D f ( x )  is
A  ( p )  —  p A +  ( Y p 2  +  C .\P  +  t t C o ,
where
co = - A cos x +  sin x + \/l + s'mx(y(x) — 1 ) p  cos2 x+
2 1 + sin x
and
Cl =  - A cos x + sin x +





The eigenvalues of (3.3.6) are the roots of the characteristic equation. We want to déter­
mine conditions on the model parameters A and a  given the position o f the eigenvalues
in  th e co m p lex  p lan e. In  th is w a y  w e can  id e n tify  va lu es o f  th e  p a ram eters for w h ich  s ta ­
b le  an d  u n sta b le  so lu tion s ex ist. W e exam in e each  o f  th e  th re e  b ran ch es o f  e q u ilib ria  
sep arate ly . T h e  eigen valu e a n alysis  in d icates th e  s ta b ility  o f  h y p e rb o lic  e q u ilib ria  b u t  for 
n o n -h y p erb o lic  eq u ilib riu m  p o in ts  w e need to  use th e  C e n tre  M an ifo ld  th eo rem  to  de­
term in e th e  b eh a v io u r o f th e  system . L a te r  in  ch ap ter 5 w e d eterm in e so lu tio n s to  th e 
lin earised  system  £ =  D f ( 0)£. For th is reason  we in v e stig a te  th e  eq u ilib riu m  p o in ts  on 
th e  b ra n ch  (x,  A) =  (0, A) m ore closely. In  p a rticu la r , w e d eterm in e a  re la tio n sh ip  b etw e en  
G m , A an d  a  for w h ich  th ere  ex ists  o f a  p a ir  o f co m p le x  ro o ts an d  one o th er root.
The {(0, A) : A €E R j  branch of equilibria
B y  se ttin g  x  =  0 in  (3.3.8) an d  (3.3.9), w e get th e  c h a ra cte ristic  eq u atio n
A (p )  =  p 3 +  a p 2 +  ( ~ - \ ) p  +  -  A) (3.3.10)
W e ca n  d eterm in e ce rta in  p ro p erties  o f  th e  eigen valu es o f  (3.3.6) b y  a p p ly in g  th e  R o u th - 
H u rw itz  criterio n  to  A (p). A lso  u sin g  R o lle ’s th eorem  w e can  d eterm in e co n d itio n s on 
A, G m an d  a  for w h ich  co m p lex  eigenvalues w ill  occu r. N o te  th a t  th ere  is a lw ays a t least 
one rea l eigen value an d  th a t co m p le x  eigenvalues w ill o ccu r as co n ju ga te  pairs.
Proposition 4. The characteristic equation (3.3.10) has
•  Three roots with negative real parts if  A <
s~i
• Two roots with negative real parts and a root at the origin if  A = —f-.
•  Two roots with negative real parts and one posit ive real root if  A >
For a  <  \J 3(^ — A) there exists a pair of complex conjugate roots to (3.3.10) for  all 
G m <  1. Otherwise, a complex pair of roots will exist for  G m <  G -  and G m >  G + where
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Proof.  A p p ly in g  th e  R o u th -H u rw itz  criterio n  to  (3.3.10) w e have
D \  =  a  >  0,
a  a ( - ^ - A ) 1
d 2 =
1 Ì  — A
=  2
a  a (^ f -  -  A) 0
1  Ì - A 0
0  a a ( %  -
2/1 Gm . . Gm .
= ° <2 “ T )(T  “ A)
T h e  Di  are s tr ic tly  p o s itiv e  for A <  G m/2.  T h u s, a ll ro o ts  o f th e  ch a ra cte ristic  e q u a tio n  
have n e ga tiv e  rea l p arts . For A =  w e h ave £>3 =  0. A  d irect ca lc u la tio n  show s us th a t  
for th is  va lu e  o f  A th ere  is one zero roo t and  2 ro o ts  w ith  n e ga tiv e  rea l p a rts . F in a lly , for 
A >  ^  th e  sequence 1, D \ ,  D y D 2, aco  has sign  sequence im p ly in g  1 ro o t w ith
p o sitiv e  rea l p a rt  for e q u ilib ria  on  th e  b ran ch  {(0, A) : A >  ^p-}.
W e ca n  in v estigate  th e  roo ts fu rth e r  u sin g  R o lle ’s T h eo rem . T h e  first d eriv ativ e  o f  A  (p)
is g iven  by
f  = V  + 2qp + (I - a ),
w ith  roo ts a ±  =  —a / 3  =L a 2 — 3(^ — A)/3. T h e  ro o ts o f  d A ( p ) / d p  are  co m p le x  for 
a  <  y '3 ( |  — A). R o lle ’s T h e o re m  im p lies th a t  A (p )  h as co m p le x  roo ts w h e n  th is  co n d itio n  
is satisfied . A lso , A (p) h as 2 eq u al real ro o ts an d  an o th er real roo t for G m =  G ±  w h ere 
G ± =  (9 a  — 4 a 3 +  36aA  ±  \ f 2 i 2 a 1 +  6 A — 3 ) t ) / 2 7 a .  T h u s, a  p a ir  o f co m p le x  ro o ts  e x ists  
for G m sa tis fy in g  G m <  G - ,  G m >  G + (see A p p e n d ix  B ). □
P ro p o sitio n  4 im p lies th a t a t eq u ilib riu m  p o in ts sa tis fy in g  A <  G m/ 2 th ere  ex ists  a  th ree- 
d im en sion al sta b le  m an ifo ld  w h ile  for A >  G m / 2  th ere  ex ists  a  tw o-d im en sion al s ta b le  m an-
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et
F igu re  3.9: Regions in param eter space where real and complex toots exist for A <  1 / 2 . The 
curves G+ and G _ , which represent the transition between real and com ¡>1 ex roots, are shown. In 
the region marked C , the characteristic equation has a  pair o f com plex roots and one real root 
while in the the region marked R , the characteristic equation has 3 real roofs.
F ig u re  3.10: Regions in param eter space where real and com plex roots exist for the lim iting case, 
A =  1/2. Again we show the curves G + and G - . The characteristic equation lias a pair of com plex 
roots and one real root in the region marked C . while in the the region marked R , the characteristic 
equation has 3 real roots.
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ifo ld  an d  a  on e-d im en sion al u n sta b le  m an ifo ld . T h e  eq u ilib riu m  p o in t (x , A) =  (0, G m /2)  
has a  2 d im en sio n al sta b le  m an ifo ld  and  a  on e-d im en sion al cen tre  m an ifo ld . W e w ill in ­
v e stig a te  th e  b eh a v io u r o f th e  system  on th e  cen tre  m an ifo ld  la te r  in  th is ch ap ter. In  
F ig u re  3.9 w e p lo t G±  vs. a  for a  ty p ic a l va lu e o f A G (0 ,1/ 2 )  an d  in  F ig u re  3.10 w e p lo t 
G ±  vs. a: in  th e  lim itin g  case w here A =  1/2 . T h e  cu rves Gm =  G ±  m a rk  th e  tra n s itio n  
b etw een  rea l an d  co m p le x  roots. A t  th e  in tersectio n  o f  th e cu rves w e h ave 3 eq u a l rea l 
roots. O n  th e  rem ain d er o f th e  curves th ere  are 2 eq u a l real roo ts an d  one o th er roo t. 
F rom  th ese d iagram s w e ca n  id e n tify  th e  p a ra m e te r  va lu es a t w h ich  th e  c h a ra cte ristic  
eq u atio n  (3.3.10) has a  p a ir  o f co m p lex  roots. In  p a rticu la r , for A <  1/2  we ca n  fin d  som e 
0 <  a  «  1 su ch  th a t  a  p a ir o f com p lex  roo ts ex ists. T h is  fa ct  is u sed  w h e n  w e co n stru ct 
ap p ro x im ate  so lu tio n s to  th e  co n stan t load  m o d el p ro b lem  in  ch a p ter 5.
T h e  {(a;, A y  (a:)) : A =  A y  (a:), — §  <  x  <  b r a n c h  o f  e q u i l ib r ia
W e need to  ca lcu la te  th e  eigenvalues o f  th e J a co b ia n  m a tr ix  (3.3.6) e v a lu a te d  at th e  eq u i­
lib riu m  p o in t (a:, A y  (a;)). S u b stitu tin g  A y(a l) for A an d  (3.3.2) for y  in  th e  c h a ra cte ristic  
eq u atio n  (3.3.7) an d  sim p lify in g , we get
A(p)  =  p 3 +  a p 2 +  c\p  +  a c 0, (3 .3 .11)
w here




A y  (a;) cos a; +  s in  a ;   ^ -f^sina; ^  ^ v T + " s in $  — 1 ^ + 1 ^
B cos2 x
| _   ^ -
2  1  +  sm  x
\ / l  +  sin  a:/ —\ -  -  V x ~r oij.1 ju , . /----------;— — x N
A y ( i )  cos x  +  s m i  —    ( p ( v  1 +  s m i  — 1 ) +  1 )
P roposition  5. The characteristic equation (3.3.11) has
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F igu re  3 .11 : G ra p h s o f  D 2 an d  Co in d ica tin g  p o s itiv e  a n d  n e g a tiv e  regions.
•  Three roots with negative real parts i f  x  E ( — § ,  0) U (7r, 4^);
•  Two roots with negative real parts and a root at the origin i f  x  =  0 or x  =  n;
•  Two roots with negative real parts and one positive real root if x  6  (0 ,7r ) .
Proof. T h e  R o u th -H u rw itz  co n d itio n  is a p p lie d  to (3 .3 .11) . W e need to  e x a m in e  th e  signs 
o f  D [ , D 2 and  £>3 , w h ere
D\ =  a,
_  a/3 cos'2 x  
2 2  1 4 -  sin x 1
D-i -  aD-2Co
T h e  p lo ts  in F ig u re  3 .11  in d ica te  th e sign  o f D 2 an d  cq w here £>3 =  ctD^Co- C le a rly , th e  D,  
are s tr ic tly  p o sitiv e  for as €  (— 1 ,0 )  U (7r, 4^) im p ly in g  th a t  all ro o ts  o f  th e ch a ra c te r is tic  
eq u atio n  h ave n e ga tiv e  real p arts . For 5  =  0 an d  x  — n,  is zero. W e c a lc u la te  th e 
eigenvalues d ire c tly  to g et a  root. at. th e  o rig in  an d  two roo ts w ith  n e g a tiv e  real parts. 
For x  e  (0 ,7t/ 2 ) U (7t/ 2 , tx)  th e sequ ence 1 , D \, D \ D 2 ,olcq has sign  sequ en ce 
im p ly in g  th a t  th ere  is one root w ith  p o s itiv e  real p art. A t  x  =  n /2  w e h ave D 2 — 0
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and so we n eed  to  ca lcu la te  th e  roo t ex p lic itly . W e get th ree  real ro o ts, p* =  — a  an d
p \  =  1 +  (/3( 1 — -\/2) — l)/ \ /2 . T h u s, for x  G (0, tt/2) w e h ave on e ro o t w ith  p o sitiv e
real p a rt  an d  tw o ro o ts  w ith  n e ga tiv e  rea l p a rt. □
The { ( 7r , A) : A G R }  branch of equilibria
B y  se ttin g  x  =  n  in  (3.3.8) an d  (3.3.9), th e  ch a ra cte ristic  eq u a tio n  (3 .3 .7) becom es
A (p )  =  p 3 +  a p 2 -  -  A)p -  « (^ 7p  -  A) (3.3.12)
W e sta te  w ith o u t  p ro o f th e  fo llo w in g  p rop ositio n . T h e  p ro o f is sim ila r  to  th a t  o f  P ro p o ­
sition  4.
Proposition 6. The characteristic equation (3.3.12) will have
•  Three roots with, negative real parts if  A >  —
•  Two roots with negative real parts and a root at the origin if  A =  — % L-
•  Two roots with negative real parts and one positive real root i f  A <  — ^ jp.
3.3.3 Stability  A nalysis of B ifurcation Points
W e have d eterm in ed  th a t th e  p o in ts (x , A) =  ( 0 , G m/2)  an d  (x , X ) =  (n, — G m /2)  are 
b ifu rca tio n  p o in ts  o f th e  v isco e la stic  system , o ccu rrin g  a t th e  in tersectio n  o f 2  bran ch es 
o f eq u ilib ria . T h e  s ta b ility  a n a lysis  in d ica tes  th a t  at each  o f  th ese p o in ts  th ere is a two- 
d im en sion al sta b le  m an ifo ld  and a  on e-d im en sion al cen tre m an ifo ld . W e w ish  to  a n a lyse  
th e  b eh a vio u r o f th e  system  at th e  b ifu rca tio n  p o in ts. T h e  C e n tre  M a n ifo ld  T h e o re m  
(see A p p e n d ix  A ) im p lies th a t at a  b ifu rca tio n  p o in t th e  system  ca n  b e  w r itte n  lo ca lly  
in  co-ord in ates on  th e  (sta b le ,u n stab le  an d  cen tre) in varian t m an ifo ld s W s x  W u x  W c. 
T h e  m o tio n  on W s is tow ard s th e fixed  p o in t an d  th e  m otion  on W u is aw ay from  the
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fixed  p o in t. So  th e  lo ca l b eh a v io u r ca n  b e u n d ersto o d  b y  lo o k in g  a t th e  m o tio n  on th e
cen tre m an ifo ld . In  th is  section  we d eterm in e th e  cen tre  m an ifo ld  a t th e  eq u ilib riu m  p oin t
(x,  A) =  (0, G m /2).  A  sim ilar a n a lysis  is used  to  ca lcu la te  th e cen tre  m an ifo ld  a t secon d
b ifu rca tio n  p o in t (x , A) =  (tt, —G m/2).
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T h e C en tre  M an ifo ld  at (x,X) =  (0 , G m / 2 )
T h e  p a ra m eter fj, =  A — G m /2  is in tro d u ced  so th a t  th e  b ifu rca tio n  p o in t is tra n s la te d  to 
th e  origin . T h e  eq u atio n
/ i  =  0
is ad d ed  to  th e  system . T h is  w ill a llow  us to  d escrib e  th e  d yn am ics close to  /j  =  0. N ew
co-ord in ates (u,
sy ste m  is
f  • ^u
V
w








V f - ( f )2 - f  0  0
0 0 0 0
0 0 0 0 / \ ' / \
(3.3 .13)
D e ta ils  o f th e  ca n o n ica l tra n sfo rm a tio n  an d  th e  fu n ctio n s / i ,  / 2 , f?, an d  are g iven  in  th e 
ap p en d ix . T h e  center m an ifo ld  can  b e  rep resen ted  lo c a lly  as
f 2( u , v , w , n )
f 3( u , v , w , n )
0
W c =  {(u , v, w, v) =  H ( w , / i ) ,  - ff(0 ,0) =  0, D H (  0 ,0) =  0} (3.3.14)
w here =  (hi (w ,  f i ) ,h 2 (w, fj,)) an d  D H  is th e  J a co b ian  m a tr ix  o f  T h e
con d ition s on H(w,fj,)  g iven  in  (3.3.14) im p ly  th a t  h\ and  h2 ca n  b e  w r itte n  as
hi =  huw  +  hi2wn +  hi3H + . . . (3.3.15)
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(3.3.16)
(  \ f
ib
.__
V 11 J V
\
w h ere  th e hij  are  co n sta n ts  to b e d eterm in ed . T h u s, on th e cen ter m an ifo ld  th e  flow  is 
ap p ro x im ated  by
/  /
/3 {h\ (w, /») ,h2(wtfi),w,/x)
0 /
F ollow ing G lettd im iin g  [10], we ca lcu la te  th e  coeffic ien ts hij  to  b e
2/32 -  3P  +  a 2 (/33 — 3/3 +  6 )
(3 .3 .17)
/in =
hi  i =  - a
4/32
Aß2 -  9/3 +  « 2 (/?3 -  3/3 +  6 )
/¿I2 = 2
I >27 —




(3 .3 .18 b )
(3 .3 .18c) 
(3 .3 .18d)
(3 .3 .18e)
■JÎ -  (f w ’
/iia = ^ 23 = 0.
S u b s titu tin g  the /¿¿j from  (3.3.18) in to  (3 .3 .15) and (3.3.16) g ives
2ß 2 -  3/3 +  a 2 (/33 -  3/9 +  6 ) .  2 , n ß  -  2 a 2 
 ^ — ^ 1 (^ ) m) — 4/32 ^  ^  !■•••»
t , , a (3/3 — 2 a 2 ) 2 4/32 -  9/3 +  a 2 (/33 -  3/3 +  6 )
w =  h2(v), fi) -- —j  -  a -------------- 7 = — ---------- ■«;//. +  . . .
\ß -  (SW
A  lo ca l a p p ro x im a tio n  to  th e flow  on th e  cen tre  m an ifo ld  is found b y  s u b s titu tin g  (3 .3 .15 ),
(3.3.16) an d  (3 .3 .18) into
w  =  /3 ( /m (w , m) , Ii2 {wy/j.),w,n) = C(w,fi),
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N ow , a  >  0 an d  0 <  ¡3 <  1 so th e coefficients o f  w 2 an d  wfj, in  (3 .3 .19) are p o sitiv e . H ence,
on th e  cen ter m an ifo ld  w  =  C (w ,  fi) w e have
C(0,0) = <?w(0,0) = ^ ( 0,0) = Gm = 0,
rv 9 ^ 9rv
c w ,  =  - { 1  +  - g ( -  -  /?)) >  0, C WI1 =  —  >  0 ,
an d  th us C (w , f i )  satisfies th e  con d ition s for a  tra n s c r itic a l b ifu rca tio n  a t =  (0,0)
(see [10]). S e ttin g  ¡j , =  0, w e get th e  eq u a tio n  o f  m otio n  on th e  cen tre  m an ifo ld ,
w = f ( l  + | ( | - « ) < » 2 + -.- (3-3.20)
w h ere f ( l  +  j | ( § ~  £ 0 ) > O .  F rom  (3.3.20) w e see th a t  th e  o rig in  is s ta b le  if  ap p roach ed  
from  w <  0  (i.e. m otio n  is tow ard s th e  o rig in ), an d  u n sta b le  i f  ap p ro a ch ed  from  -id  >  0 . 
T h u s, th e  b ifu rca tio n  poin t a t (x , A) =  (0, G rn/2)  is u n stab le . T h e  ca lcu la tio n s  for th e  
cen tre  m an ifo ld  a t th e  b ifu rca tio n  p o in t (x,  A) =  (n, —G m/2)  p roceed  in  th e  sam e fash ion  
an d  w e esta b lish  th a t  at th is  p o in t w e also have a  tra n s c r itic a l b ifu rc a tio n  a n d  th a t  th is 
b ifu rca tio n  p o in t is u n stable.
3.4  T h e Im p erfect L ink M o d el
In th is  sectio n  w e d iscuss th e  L in k  m od el w ith  an in itia l im p erfection . W e are in terested  
in  th e  e lastic  an d  v isco e la stic  eq u ilib riu m  cu rves an d  th eir s ta b ility  p rop erties. A  sim ilar 
im p erfect e lastic  m od el is d iscu ssed  in fo rm ally  in  H un t and T h o m p so n  [18]. H aym an  
[14, 15] d iscusses th e  im p erfect v is c o e la stic  e q u ilib ria  in  his q u a si-s ta tic  a n a ly sis  o f the 
m od el. H ow ever, th e  fo rm al an a lysis  th ere  is in com plete. T h e  re su lts  o f th e eq u ilib riu m  
a n a ly sis  in  th is  sectio n  are used  in  th e  q u a si-sta tic  a n a lysis  o f  th e  sy ste m  in  C h a p te r  4.
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3.4.1 The Im perfect E lastic System
R e c a ll th a t  th e  im p erfect m od el eq u ation s are fo rm u lated  on  th e  a ssu m p tio n  th a t  th e  L in k
T h e  e q u ilib ria  ( x , A E (x))  lie  on  a cu rve  in  p h ase space. T w o  ty p ic a l eq u ilib riu m  cu rves 
are show n  in  F ig u re  3.12. T h e  eq u ilib riu m  cu rve  ( x ,  A . e ( x ) )  for th e  p e rfe c t e lastic  case is 
also sh ow n  for com parison . For a  g iv en  im p erfectio n  v,  th e  eq u ilib riu m  cu rve  in tersects 
th e  x -a x is  at u ) increases to  a m ax im u m  and  th e n  decreases, c u ttin g  th e  x -a x is  a t 7 r/2 . 
W e h ave  th e  fo llow ing,
T h e o r e m  1 .  For  0 <  u <  7t/ 2 , the funct ion A UE : (0, vr/2) —> R  defined in (3.4.3) satisfies 
A E (x) >  0 for  v  <  x  <  7t/ 2 , and has a single maximum point  at x c £  The
equilibria (x , A vE (x )) are stable if 0 <  x  <  x c and unstable if x c <  x  <  7t / 2 .
m od el con tain s an  in itia l im p erfectio n  u, w here v  is th e an gle  th a t  th e  ro d  O A  m akes w ith
th e  v e rtic a l w h ile  in  th e  u n lo ad ed  p o sitio n  (see F ig u re  2.7). T h e  eq u a tio n  for th e  im p erfect
elastic  sy ste m  is
x  =  A sin  x — cos x
y/1 +  sinrr — v ' ì  +  sini/
(3.4.1)
V I  +  s in x
W e assum e th a t  th e  in itia l im p erfectio n  satisfies u >  0. T h e  p e rfe c t sy stem , (3 .2 .2), is
recovered  b y  ta k in g  th e  lim it as v  —¥ 0 in  (3.4.1)
E q u i l i b r i u m  A n a l y s i s
T h e  eq u ilib riu m  p o in ts (x , A) o f (3.4 .1) sa tisfy
0 =  F ( x , A) :=  A s i n x  — c o s x
v/l +  s in x  — y / l  +  s in ^
(3.4.2)
\J 1  +  s in x
W e ca n  so lve (3.4.2) to  get an  exp ression  for A in  term s o f x ,
y / l  +  s in x  — \/l +  sin  v
(3.4.3)
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F ig u re  3.12: Tw o typical imperfect elastic equilibrium curves are plotted with the perfect elastic 
equilibrium curve, (x, Ae (x)), shown for comparison.
Proof.  T h e  s ta b ility  o f th e  eq u ilib riu m  p o in ts is d ete rm in ed  b y  ex a m in in g  th e sig n  o f 
Fx (x, A'E (x)) .2 T h e  s ta b ility  changes i f  Fx =  0 and  F \ x ^  0. W e h ave Fx [x, AE (x))  =  
—F\(x,A'E ( x ) ) d A E ( x ) /d x  =  s i n x d A E ( x ) /d x  an d  F \ x =  co s x  ^  0 for v  <  x <  vr/2. 
T h erefo re  a  change in  s ta b ility  w ill o ccu r a t (a;*, A*) sa tis fy in g  d A E {x*) ) /dx  =  0, w ith  A* =  
A E (x*).  T h is  is th e m axim u m  p o in t o f  th e  eq u ilib riu m  cu rve  A =  AE (x).  T o  d eterm in e 
s ta b ility  it is sufficient to  check th e  sign  o f  Fx (x, AE (x))  a t  x =  v  an d  x =  ir/2.  W e have 
Fx (v, A e (v )) <  0 im p ly in g  sta b le  cen tre  p o in ts  for u <  x  <  x c an d  Fx (n/2 ,  A e (tt/2 ) )  >  0 
im p ly in g  u n sta b le  sad d le  p o in ts for x c <  x  <  it¡2.  □
T h e  s ta b ility  o f th e  im p erfect e q u ilib riu m  cu rve is show n in  F ig u re  3 .13. W e define 
th e  c r itic a l p o in t locu s to  b e  th e  lo cu s o f  cr itic a l p o in ts o f  th e  e q u ilib riu m  cu rves defined  
for 0 <  v  <  7t/ 2 . R ea rra n g in g  (3.4.3) an d  d ifferen tia tin g  g ives us th e  fo llo w in g  im p lic it  
e q u a tio n  for th e  c r itica l p o in t locu s,
Q r  -I
—  ( A t a n x  — 1) \/l +  s in x  = 0 .  (3.4.4)
ox  L
B o th  (3.4.4) an d  (3.4.2) are referred  to  in  th e  q u a si-sta tic  a n a ly sis  o f  C h a p te r  4. In  F ig u re
2 The subscript denotes partial differentiation with respect to that variable. Thus Fx =  dF/dx,  etc.
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x
F ig u re  3.13: Stability  o f t.hu im perfect equilibrium curve. S tab le(unstable) points arc. indicated  
by solid(dashed) curves. T he im perfect elastic critical load is indicated by A,.. T h e perfect case  
curve is again  included for com parison.
3.14 we plot both the equilibrium curves and the critical point locus. The critical point 
locus (dashed line) and the perfect case equilibrium curve are included. We see that the 
critical point locus is a decreasing function. This indicates that as the imperfection in­
creases, we have a reduction in the critical load required to cause buckling of the structure.
3.4.2 The Im perfect V iscoelastic System
The equilibrium curves for the imperfect viscoelastic system were studied by Hayman 
[14, 15] in his quasi-static analysis of the link model. The imperfect elastic equations are 
supplemented with the creep equation to give
, „ . . v/ 1  +  sin a; — \/l +  sin u cos re ,,, , _ .
x  = A(i) sin x  -  cos x -----------, . .------- ------ . . ?/, (3.4.5a)
V l  +  sin x v  1 +  sm x
Vij = —a{ y  4 - /3(\/l + sina; — \/l +  sini/)}. (3.4.5b)
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F ig u r e  3.14: T he im perfect equilibrium  curves and the critical point locus (dashed line ) for the  
elastic and viscoelastic system s. T h e perfect case equilibrium  curve is included for com parison. 
T h e perfect critical load is denoted by A*. In the elastic case we have A* =  1 /2  while in  the  
viscoelastic: case we have A* =  G',,,/2.
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T h e  e q u ilib riu m  p o in ts  for th e  im p erfect v isco e la stic  sy ste m  are in  th e  fo rm  x  =  (x, y,  A).
U sin g  (3 .4 .5b), w e can  exp ress y  in  term s o f x  to  get
y (x)  =  —/3 |\/1 +  s in x  — \/l +  sinz^ . (3.4.6)
A s is th e  case for th e p e rfe c t system , w e can  sp ecify  an  eq u ilib riu m  p o in t b y  (rr, A). 
S u b s titu tin g  (3.4.6) into  (3.4.5) w e get th e  fo llow in g re la tio n sh ip  w h ich  m u st b e  sa tisfied  
b y  th e  eq u ilib riu m  poin ts,
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A s m x - G m c o B ^  + Sif ~ v/1 + Sin'/ =0. (3.4.7)
\ / l +  sin  a:
S o lv in g  for A w e get
\ u / \ ^ V^Tsinx - VT+sm^
A  v ( x ) = G m   ------------------   . (3.4.8)
ta n  x y  1  +  s i m
T h e se  eq u ilib riu m  cu rves d iffer fro m  th e  im p erfect e lastic  eq u ilib riu m  cu rves (3.4.3) b y  th e 
co n stan t fa cto r  G m . T h is  is s im ilar to  th e  effect th a t  th e  in tro d u c tio n  o f th e  v is c o e la stic  
elem ent h as on th e  p erfect e la stic  system . T h e  curves are  p lo tte d  in  F ig u re  3.14. A s  in  
th e  e lastic  case, w e can  define a  critica l p o in t locu s. R e a rra n g in g  3.4.8 and im p o sin g  th e  
co n d itio n  th a t d A y / d x  =  0, we get th e  fo llow in g  im p lic it  eq u a tio n  in  A and  x,
d_
dx
(A tan a; — G m )\ /1  + sinx +  G m v  1 +  sin^ = 0 .  (3.4.9)
E q u a tio n s (3.4.7) for th e  e q u ilib riu m  cu rve  an d  (3.4.9) for th e  c r itic a l p o in t lo cu s a re  used  
in  th e  q u a si-sta tic  a n a lysis  in  C h a p te r  4. U sin g  th e  R o u th -H u rw itz  crite rio n  w e ca n  d ete r­
m in e th e  sta b ility  o f  th e  e q u ilib riu m  p o in ts (x, A y ( x ) ) .  W e need  to  ca lcu la te  th e  eigen val­
ues o f  th e  J a co b ian  m a tr ix  e v a lu ated  on th e  im p erfect eq u ilib riu m  curve. T h e  J a co b ia n  
differs fro m  (3.3.6) in  th e  te rm  i ? / 2 i ( x ) ,  w h ich  b ecom es A cos x  +  s in x  +  \/l +  s in x (y (:c )  —
\/l +  sin ^ )/2 , w ith  y(x)  g iv en  b y  (3.4.6). T h u s, th e  ch a ra cte ristic  eq u atio n  is
A ( p )  =  p3 +  ap2 +  cip +  a c o ,  ( 3 .4 .1 0 )
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cq =  —
l
Ay(x)  cos x  + sinx ---------- S11-— (j3 ^\/l + sin:c — \/l + sini^ + \/l + sin v'j
P cos2x
2  1 +  s i n s  
an d
c i = A y(x )  co s  x  +  s i n ®  1 -t^sinx  ^  +  s in  a; — \ / l  +  s in  u^ j +  \ / l  +  sin
N o te  th a t  for x  G ( 0 , 7r / 2 ) w e  h ave cj >  cq. T h e  s ta b il ity  p r o p e r t ie s  o f  th e  im p e r fe c t  
v isc o e la s t ic  e q u ilib r iu m  p o in ts  are  g iv e n  in T h e o r e m  2. In F ig u r e  3 .15  w e  p lo t  co an d  
d k y  jd x  for a  ty p ic a l v a lu e  o f  u G (0 , 7r / 2 ).
T h eo rem  2. Let (xc, A,:) be the maximum point on the equilibrium curve A y{x) . The 
stability of the equilibrium curve, changes at (x c , A(:). The equilibrium points (x, A) on the 
curve satisfying u < x  < x c are stable centre points and the equilibrium points (x. A) on 
the curve satisfying x c < x  <  n /2  are unstable saddle points. Again, as the imperfection 
tends t.o zero we recover the perfect system, equilibrium curves.
Proof. W e a p p ly  th e  R .ou th -H u rw itz  cr iter io n  t.o (3 .4 .1 0 ) , w h ere  D\, Di an d  D 3  a re  g iv e n
D\ =  a ,
otp c o s 2  x
D2 =
2  1  +  s in  x ’
D$ = aD^ C-Q.
F rom  F ig u re  3 .1 5  w e se e  th a t  b o th  d k y / d x  an d  Co cro ss  th e  a x is  a t x  = x c. For w < x  <  x (. 
w e h a v e  co >  0 an d  for x c < x  < n /2  w e h a v e  Co <  0. A lso , D 2  h a s  th e  sa m e  v a lu e  a s  
in th e  p erfe c t v is c o e la s t ic  ca se  an d  is p lo tte d  in F ig  3 .1 1 . U s in g  th is  in fo r m a tio n  w e can
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Figure 3.15: Graphs of dAy/ dx  and cq indicating positive and negative regions.
determine the regions in which the Di  are positive, negative or zero. We have D% >  0 for 
x € [v, xc)  implying that all roots of the characteristic equation have negative real parts. 
For x  € {xc,n/2) ,  the sequence l , i ? i , D\D-¿-,(m'q has sign sequence implying
that there is one root with positive real part. At x — xc we need to calculate the roots 
of the characteristic equation exactly. Noting that Cq =  0 and cl  > c q , we calculate the 
roots to get a root at the origin and two roots with negative real parts. □
The stability analysis indicates that for equilibrium points satisfying x  £ [uy.xc) there is a 
three-dimensional stable manifold. At x =  xc there is a two-dimensional stable manifold 
and a one-dimensional centre manifold while for equilibrium points satisfying x € [xc,ir/2) 
there is a two-dimensional stable manifold and a one-dimensional unstable manifold. This 
is comparable with the perfect case.
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C hapter 4
The Link ModeliA Quasi-Static Analysis
4.1 In tro d u ctio n
In  th is ch ap ter w e loo k  at th e  q u a si-sta tic  a p p ro x im atio n  to  th e  n o n -lin ear sy stem . W e 
in clu d e  an im p erfectio n  in  th e  system  eq u ation s. H ay m an  [14, 15] uses th e  q u a si-s ta tic  
ap p roach  in  his in v estig a tio n  o f th e  creep b u ck lin g  b eh a v io u r  o f  th e  L in k  m od el. H is 
w ork  is concern ed  w ith  th e  p h en om en on  o f creep b u ck lin g  an d  he in v estiga tes  th e  lin k  
b etw een  a stru ctu res creep b u ck lin g  b eh avio u r a t co n stan t lo a d  an d  its  in sta n ta n eo u s 
b u ck lin g  and  p o st-b u c k lin g  b eh a v io u r under v a ry in g  load . H a y m a n ’s a n a ly sis  is lim ite d  
to  M ax w e ll m ateria ls , as w ell as assum ing th a t  th e  in itia l creep stress, y(0 ), is zero. W e 
e x ten d  H a y m a n ’s w ork  b y  in clu d in g  a  n o n -triv ia l in it ia l co n d itio n , y(0) /  0. U n d er th ese 
con d ition s th ere  is som e resid u a l stress in  th e  sp rin g  in itia lly . T h is  is a n o th er sou rce o f 
im p erfection . W e d iscuss th e  consequences o f th is. W e also in v estig a te  th e  s ta b ility  o f 
the e q u ilib riu m  curves in  th e  q u a si-sta tic  case. T h e  resu lts  fro m  th is s ta b ility  an a lysis  
d iffer from  th e  resu lts  in d ica te d  b y  th e  d y n a m ic  a n a lysis . In  p a rtic u la r , th e  q u a si-s ta tic  
a n a lysis  p red ic ts  s ta b ility  a t p o in ts w here th e  d y n a m ic  an a lys is  in d ica tes th a t  th e sy ste m  
is u n stab le . T h e  an a lysis  is va lid  for b o th  th e im p erfect system  an d  th e  p e rfe c t system . 
T h e  resu lts are d iscu ssed  and  illu stra te d  w ith  a series o f  d iagram s in  S e ctio n  4.4. T h e  
q u a si-sta tic  m eth o d  is d iscu ssed  in  d eta il in  H o p en sta d t [17] w h ile  O ’M a lle y  [25] p rovid es 
an  excellen t in tro d u ctio n  to  th e th eo ry  o f sin gu lar p e rtu rb a tio n  m eth od s.
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4.2 T h e Q u asi-S ta tic  E quations
The quasi-static method neglects the dynamic effects due to the structure’s inertia but 
includes the time dependence of displacements due to creep. First we specify circumstances 
under which this approximation would be valid. The dynamic system of equations (2.3.8) 
can be written as
x =  f (x , y , X, v ) ,  (4.2.1a)
V =  (4.2.1b)
where
> v . . y/l  + sinx -  v/ 1  + sillv  cos®f  {x, y,  A, u) = A sin x — cos x ---------- , . -------------- y , ■ (4.2.2)
V 1  +  sm x  v  1  +  sin x
and
(l ( x , y , v ) = y  + +  sin s — \/l + sin//). (4.2.3)
Initial conditions for :c(0), ¿(0) and y{0) are given. Now, if we rescale the time t by setting 
r  = at, we can rewrite (4.2.1) as
a2x" = f { x , y , A ,//) ,  (4.2.4a)
y' = 9(x ,y ,v ) , (4.2.4b)
wliere ' denotes d/dr.  The transformed system (4.2.4) is a singular perturbation problem. 
We have a small parameter multiplying the leading order derivative term. Wo expect a 
singular solution at a  = 0 due to the loss of the two initial conditions, :r(U) and ¿(0). By 
letting a  -> 0 in (4.2.4) we obtain a system of equations which is formally equivalent to 
the quasi-static problem,
0 =  f { x , y , \ , v ) t (4.2.5a)
y' =  9{x,y,v).  (4 .2 .5b)
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In th e  con text o f s in g u la r ly  p e rtu rb e d  system s, (4.2.5) is ca lled  th e  ou ter p rob lem , a n d  its 
so lu tio n  is th e  o u ter  so lu tion . T h ese  eq u ation s are su p p lem en te d  b y  an in it ia l co n d itio n  
;y(0) =  7 , b u t x'(0), .r^O) are not specified . It is p o ssib le  to  d erive  an  in itia l-v a lu e  p ro b lem  
for x (t ) an d  it is m ore illu stra tiv e  to  d escrib e th e  d yn am ics o f  th e  q u a si-s ta tic  p ro b lem  in
term s o f  th e  so lu tio n  to  th is in itia l-v a lu e  p rob lem . W e ca n  so lve (4.2.5a) for y  in  term s o f
x  an d  A to  get
y  =  Y ( x ,  X,u),  (4.2.6)
w here
Y  (x,  A, v) :=  (A tan a; — 1) \ / \  +  sin  a; +  \/1  +  sin  v.  (4.2.7)
D ifferen tiatin g  (4.2.5a) an d  su b s titu tin g  for y  from  (4.2.6) we get an  exp ression  for x '(t ) 
given  b y
%  =  Q{x,  A, i/), (4.2.8)
w here
- f y (x, Y ( x ,  A, u),  A, v) g (x, Y ( x ,  A, u)
^ X^ ,V) f x ( x , Y { x , X , u ) , \ , u )
(A tan  x — G m) \ Z v F s h T x  +  G m \/l - f s i n v
(4.2.9)
■¡fc [(A tan  x  — 1) \/l +  sin x]
T h is  d ifferen tia l e q u a tio n  in x(r )  is su p p lem en ted  w ith  an  in itia l co n d itio n  .t(0) =  (  w h ere
(  satisfies
7  =  y ( C , A , v ) .  (4.2.10)
R e c a ll from  (3.4.3) th a t  th e  eq u ilib riu m  cu rves o f  th e  im p erfect v is c o e la stic  sy ste m  sa tis fy  
Y ( x ,  A, z>) =  0, for som e in itia l im p erfectio n  u =  u. A lso , se ttin g  th e  d en o m in ato r o f Q 
in  (4.2.9) to  b e  eq u a l to  zero resu lts in  th e  lo cu s o f c r itic a l p o in ts for th e  e la stic  system , 
g iven  b y  (3.4.4). K n o w le d g e  o f th ese curves w ill  b e  h e lp fu l in  d ete rm in in g  th e  s ta b ility  o f 
eq u ilib riu m  p o in ts o f th e  q u a si-sta tic  system .
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A
F ig u re  4.1: Possible initial positions for the quasi-static system. W hen y(0) =  0, the initial 
position is restricted to the curve beginning at (^,0). Otherwise, the initial position m ay be 
anywhere in the shaded region, which is bounded by x =  0, A =  0 and A ^ (x).
T h e L ocus o f In itia l C onditions
T h e  in itia l co n d itio n  ,t(0) =  (  for th e  q u a si-s ta tic  sy ste m  w ith  im p e rfe ctio n  v  satisfies
7  =  ( A t a n £  — l)< y/T +  sin £  +  v^l +  sinzA (4 .2 .11)
T his represen ts a lo cu s o f  in itia l con d ition s in  th e  .xA-plane. R e a rra n g in g  (4 .2 .11)  and  
le ttin g  V i  +  sin  u =  \ / l  +  sin u — 7  we get
( A t a n C  — 1) \Jl +  sin C  +  \ / l +  sini> =  0. (4.2.12)
T h is  is eq u iva len t to  (3.4.2), th e  eq u a tio n  for an  e lastic  im p erfect eq u ilib riu m  cu rve  
w ith  im p erfectio n  v.  T h u s, for a n y  in itia l co n d itio n  x(0) =  (  o f th e  q u a si-s ta tic  system , 
th e p o in t (C, A), sa tis fy in g  (4 .2 .12), lies on  a n  eq u ilib riu m  cu rve  o f th e  im p e rfe ct e lastic  
system . B y  im p o sin g  th e  restric tio n  th a t 7  =  0, as in  [14, 15], ( ( ,  A) is lim ite d  to  th a t  
e lastic  e q u ilib riu m  cu rve  w ith  im p erfectio n  i> =  v.  N o n -triv ia l va lu es o f  7  a llo w  th e 
in itia l p o sitio n  ( ( , A) to  lie on an y e la stic  eq u ilib riu m  cu rve w ith  im p erfectio n  v  sa tis fy in g
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F ig u re  4.2: Initial value curves for 7  <  0 , 7  =  0 , 7  >  0. H aym an’s work is lim ited to initial 
conditions on the 7  =  0  curve. The long term critical load A it =  Gm/ 2 is indicated.
0 <  ù <  7t / 2 . B y  a llo w in g  n o n -triv ia l va lu es for 7 , th e  q u a si-s ta tic  m o tio n  ca n  p ro ceed  
from  a  v a rie ty  o f  in it ia l p o sition s re la tiv e  to  th e  e q u ilib riu m  curve. T h is  re su lts  in  a  m ore 
co m p lete  d escrip tio n  o f th e  q u a si-sta tic  b e h a v io u r, an d  h igh lig h ts  th e  d ifferences b etw e en  
the q u a si-s ta tic  an d  th e d yn am ic b eh a v io u r o f th e  system . In  F ig u re  4 .1  we co m p are  th e  
p o ssib le  in it ia l p o sition s o f th e  q u a si-sta tic  sy ste m  for tr iv ia l a n d  n o n -triv ia l va lu es o f 7 . 
In  F ig  4.2 w e p lo t several lo c i o f in it ia l co n d itio n s for variab le  7  w ith  v  fixed . T h e  q u a si­
s ta tic  e q u ilib riu m  cu rve  for fixed  u, w h ich  is d iscu ssed  in  th e  n e x t sectio n , is in c lu d e d  for 
com parison.
4.3 T h e Q u asi-S ta tic  E quilibria
T h e  e q u ilib ria  (x,  A) for th e  q u a si-sta tic  sy ste m  w ith  im p erfectio n  v  sa tis fy  0 =  Q(x,  A, u). 
F rom  (4.2.8), w e have
A t a n x \ / l  +  sin æ  — G m \ / l  +  s in x  +  G m \ / 1  +  s in ^  =  0  (4.3.1)
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, G m V  1 +  sin  a; -  G m y/1 +  sin i/
A =  A q (x ) : =    _ —   • (4.3.2)
ta n  x v  1  +  sin x
T h is  is eq u iva len t to  (3 .4 .7), th e  eq u atio n  for th e  lon g term  eq u ilib riu m  cu rves o f th e  
im p erfect v isco e la stic  system . A g a in  referrin g  to  F igu re  4.2, w e see a  ty p ic a l e q u ilib riu m  
cu rve for th e q u a si-s ta tic  system  w ith  a sso cia ted  in itia l co n d itio n  cu rves. W e h ave show n 
th a t th e  eq u ilib riu m  cu rves for th e  q u a si-sta tic  system  are eq u iva len t to  th ose  o f th e  
d yn am ic  system . W e have also estab lish ed  th a t  th e  in itia l p o s itio n  o f th e  q u a si-sta tic  
system  lies on  som e cu rve  th a t  is eq u ivalen t to  an  e lastic  e q u ilib riu m  cu rve. W e now  
determ in e th e  s ta b ility  p rop erties o f th e  eq u ilib riu m  poin ts.
4.3.1 S tability  of the Equilibria
T h e  s ta b ility  o f  th e  eq u ilib riu m  cu rves ca n  b e  d eterm in ed  b y  e x a m in in g  th e  sign  o f 
Qx (x, A q (x ) , v ). E q u ilib r ia  sa tis fy in g  Q x (x, A q (x ) , u) <  0 are sta b le  w h ile  e q u ilib ria  s a t­
isfy in g  Q x(x, A q (x ), v ) >  0 are u n stab le . W e have th e fo llow in g  s ta b ility  th eorem  for th e  
q u a si-sta tic  e q u ilib riu m  curves.
T h e o r e m  3. Let  (x C) Ac) be the maximum point  of the equilibrium curve on the xX-plane  
defined by A =  A q { x ) .  Let (x i ,  A/) be the intersection point of the equilibrium curve 
A =  A q ( x )  and the locus of critical points for  the imperfect elastic system,  defined by
„  d
~  d x
(A ta n  re — 1) v l  +  s in x  . (4.3.3)
Then, the equilibrium points (x, A q (x )) satisfying x  G [v, x c) U ( x i , n / 2] are stable and the 
equilibrium points satisfying x  G {xc, x j )  are unstable.
Proof. W e b e g in  th e  p ro o f b y  d ete rm in in g  th e  critica l p o in ts, i f  any, o f  th e  eq u ilib riu m  
curve. R e c a ll th a t  th e  eq u ilib riu m  cu rve has a  cr itic a l p o in t (x c, Ac) i f  Q x (xc. Ac , u) — 0  an d
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th e  s ta b ility  o f th e  eq u ilib riu m  cu rve  w ill change a t th e  c r itic a l p o in t if  Q \ x (xc, Ac , v)  -/- 0 .
D ifferen tia tin g  Q(x,A, is )  w .r .t  x,  ev a lu a tin g  it on  th e  eq u ilib riu m  cu rve  an d  s im p lify in g
gives
_  ^  ( ( A t a n x - G m) V l  +  s i n x )  
g j  ((A ta n  a: — 1) s/l +  sin  a; )
S e ttin g  th e  n u m erato r equal to  zero gives th e  c r itic a l p o in t lo cu s for th e  d y n a m ic  v is­
co e lastic  system . S im ilarly , se ttin g  th e d en o m in ato r eq u al to zero  g ives th e  c r itic a l p o in t 
locu s for th e  d y n a m ic  e lastic  system . A s  th ese do n o t in tersect, w e can n ot h ave th e  case 
Qx =  0/0- T h erefo re , th e  c r itica l p o in ts sa tisfy
—  ((A ta n  a; — G m)\/1 +  sinrr) =  0 
ox
T h is  is s im p ly  th e  m axim u m  p o in t (xc,Xc) o f th e  eq u ilib riu m  cu rve  (4.3.2).
N e xt, w e show  th a t  th e  s ta b ility  o f  eq u ilib riu m  p o in ts  changes a t (xc, Ac). D ifferen tia tin g  
Q x w ith  resp e ct to  A gives
2  +  sin a; ( 2  +  cos2 x)
Xx 2A(1 +  sina;) +  (Atana:  — 1) co s3 x
N ow  0 <  Ac <  G m/2  an d  u <  x c <  7r/ 2  an d  so, a t th e  m ax im u m  p o in t (x c, Ac), w e have 
Q x\  /  0. T h is  im p lies th a t th e re  is a  change in  s ta b ility  at th e  m axim u m . B y  exam in in g  
the s ta b ility  a t (S, A) =  (u, 0) we can  d eterm in e th e  s ta b ility  for eq u ilib riu m  p o in ts to th e  
left o f  th e  c r itic a l p o in t. W e have Q x (v,  0) <  0 im p ly in g  s ta b ility  an d  th us, th ere  is a 
change in  s ta b ility  from  sta b le  to u n sta b le  eq u ilib riu m  p o in ts as w e cross th e  m axim u m  
point.
N e xt, w e show  th a t  th ere  is an o th er ch an ge in  s ta b ility  at th e  p o in t (x j , A/),  th e  in ter­
sectio n  p o in t o f  th e  e lastic  c r itic a l lo cu s w ith  th e  q u a si-sta tic  eq u ilib riu m  curve. R e c a ll 
th a t  th e  d en o m in ato r in (4.3.4) is zero  o n  th e e lastic  c r itica l locu s. I f  th is  locu s in tersects 
th e  e q u ilib riu m  cu rve  th en  w e h ave Q x {x i> A/-) =  ± o o . A lso , i f  an  in tersectio n  occu rs
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th en  th e  in tersectio n  p o in t is a lw ays to  th e  r ig h t o f th e  m ax im u m  p o in t o f th e  e q u ilib riu m
curve. A  ch an ge in  sta b ility  m ay o ccu r as w e p ass th ro u g h  an  in te rse c tio n  p o in t. In d eed ,
we have Q x (ir/2,  0) <  0 im p ly in g  th a t  th e  e q u ilib riu m  p o in t (x , X ) =  (tt/2, 0) is s ta b le .
W e co n clu d e th a t  th e  e lastic  c r itica l locu s m ust h ave in tersected  th e  e q u ilib riu m  cu rve,
cau sin g  a  ch an ge in  s ta b ility  from  u n sta b le  eq u ilib riu m  p o in ts to  sta b le  eq u ilib riu m  p o in ts.
T h u s, th e  e q u ilib riu m  p o in ts (x , A) sa tis fy in g  x  G ( x j , tt/2] are s ta b le  an d  th e  eq u ilib riu m
p o in ts sa tis fy in g  x  G [xc, x \ )  are u n stab le . □
E q u ilib r iu m  cu rves for th e  q u a si-sta tic  system  in th e  case v  =  0 an d  v  >  0 are show n in  
F ig u re  4.3. T h e  d iag ram  cle a rly  in d icates th e  sta b le  region  th a t  ex ists  for x  close to  n /2 .  
T h is  sta b le  regio n  is u n iq u e to  th e  q u a si-s ta tic  system .
4.4  R esu lts  o f th e  Q u asi-S ta tic  A n alysis
In  th is se ctio n  w e illu stra te  th e  m ain  featu res o f th e  q u a si-s ta tic  sy ste m  u sin g  a  series o f 
d iag ram s an d  w e discuss th e  resu lts  o f  th e q u a si-sta tic  an a lysis . U sin g  F ig u re  4.2 an d  
F ig u re  4.3 w e can  p red ict th e  m o tio n  o f th e  system  for variou s in it ia l con d ition s. T h e  
m otio n  o f  x (t ) for a  fixed  v  is illu stra te d  in  F igu re  4.4. W e see th a t th e  u p p e r  rig h t 
q u ad ran t o f  th e  xA -p lan e is d iv id e d  into  fou r d istin ct regions. In  F ig u re  4.5, F ig u re  4.6 
an d  F ig u re  4 .7  we co n cen trate  m ore c lose ly  on  th e b eh avio u r in  each  o f  th ese  regions.
T h e  in it ia l p o sitio n  o f th e q u a si-sta tic  sy ste m  is g iven  in  F ig u re  4.2 for variou s va lu es 
o f  7 . W e ca n  com p are th e  in itia l p o sitio n  w ith  a  ty p ic a l e q u ilib riu m  curve. W e see th a t 
it is p o ssib le  for th e  in itia l va lu e  to  b e  in  an y  o f th e  region s m ark ed  b y  +  or — in  F ig u re
4.4. T h e  c r itic a l load  Ac is in d icated . It  correspond s to th e  m ax im u m  va lu e  o f lambda  
on th e  eq u ilib riu m  curve. For va lu es o f  lo a d  sa tisfy in g  A >  Ac , th e  system  is u n stab le . 
In  th e case A <  Ac, th e  system  m ay  b e sta b le , w ith  m otion  ten d in g  to  th e  sta b le  p a rt  o f
Chapter '1, S tation 4 ___________________________________________ T he  Link Model:A Quasi-Static Analysis
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F ig u re  4.3: S tab ility  of the quasi-static equilibrium  curves. T h e stab ility  o f  equilibrium  points is 
indicated by solid (stable) and dotted  (unstable) lines. Equilibrium  curves for the case u — 0 and  
v >  0 are included. The long term critical load is indicated by A;f ■ We see a change in th e stab ility  
at the m axim um  point o f  the equilibrium  curve representing v >  0 and also a t th e intersection o f  
this equilibrium  curve w ith the elastic critical point locus (dashed line). T h e perfect equilibrium  
curve changes stability  on intersecting the A-axis and again on intersecting the elastic critical point 
locus. T he stable region close to x — i t  ¡2 is peculiar to the quasi-static analysis.
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Direction of motion
F ig u re  4.4: Direction of motion of the quasi-static system. The regions m arked with +  and —> 
indicate that x is increasing. Those marked with — and «— indicate that x is decreasing. A  typical 
equilibrium curve is shown. T h e elastic critical locus is also included.
th e  eq u ilib riu m  curve, or u n sta b le . In  F ig u re  4.5 we illu stra te  th e  m o tio n  o f  th e  system  
for A >  Ac. W e tak e  tw o in itia l va lu es, m arked  A  and A 1. B e g in n in g  a t A, x ( t )  increases 
u n til it  en cou n ters th e e lastic  locu s o f cr itic a l po in ts. F rom  (4.2.9) w e kn ow  th a t  at th e 
locu s o f c r itic a l p o in ts, x ' ( r ) has a n  in fin ite  d isp lacem en t rate . S im ilarly , s ta rtin g  a t A',  
x(t )  d ecreases w ith  th e  d isp lacem en t ra te  ten d in g  to  m inus in fin ity  as x(r )  ten d s tow ard s 
th e  c r itic a l p o in t locus. In  F ig u re  4.6 an d  F ig u re  4 .7  w e d em o n stra te  s ta b le  m o tio n  o f th e 
q u a si-s ta tic  system . In  F ig u re  4.6 th e  sy ste m  ten d s to  an eq u ilib riu m  p o in t x  sa tis fy in g  
v  <  x <  x c. T h is  b eh a v io u r is also ty p ic a l o f  the d yn am ic  v is c o e la stic  system . In  F igu re  
4.7 w e see th a t  for certa in  in it ia l co n d ition s, th e  system  ten d s tow ard s a sta b le  e q u ilib riu m  
p o in t x  sa tis fy in g  x j  <  x  <  tt/2. T h is  b eh a v io u r is u n iqu e to  th e  q u a si-s ta tic  system . F rom  
a p h y sica l v ie w p o in t, in  term s o f  th e  L in k  m od el in  F ig u re  2.7, th is  in d ica tes th a t  w h en  
th e ro d  is close to  a h o rizo n ta l p o sitio n , w ith  6 near 7r/2, th e sy ste m  ca n  ach ieve s ta b ility  
in  a q u a si-s ta tic  sense. H ow ever, the d yn a m ic  a n a lysis  p re d ic ts  th a t  th e  sy ste m  w ill  ten d
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Figure 4.5: Unstable motion for A > Ac. As the motion approaches the elastic critical locus 
(dashed line), an infinite displacement rate is encountered. The long-term critical load, G/2,  is 
indicated by A¡t . The equilibrium curve is indicated by the solid (stable) and dotted (unstable) 
curve with critical load A = \ c.
towards the equilibrium at x =  n. Finally, is is possible for the system to become unstable 
for certain initial values (£, A) satisfying A < Ac. This occurs when the initial position lies 
between the unstable part of the equilibrium curve and the elastic locus of critical points. 
This area is indicated in Figure 4.6 with a single rightarrow. In this case, x ( t )  increases 
until an infinite displacement rate is encountered at the locus of critical points. Thus, 
the system is unstable. Again, this motion differs from that indicated by the dynamic 
analysis, where motion would again tend towards the stable equilibrium point at x - it.
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F ig u r e  4.6: S tab le and unstable m otion  for A <  Ac. T he m otion  m ay stabilise about the stab le  
part o f the equilibrium  curve to the left o f the elastic critical locus. However, for initial values 
lying to  the right of the unstable part o f the equilibrium  curve and to  the left o f the elastic locus, 
the m otion  is unstable, encountering an infinite displacem ent rate.




Three Model Problem s
5.1 In tro d u ctio n
In  th is  ch ap ter w e a p p ly  a  p e r tu rb a tio n  tech n iq u e, th e  m u ltip le  tim e  scale m eth o d , to  fin d  
a sy m p to tic  ap p roxim ation s to  th e  so lu tio n  o f th e  p erfect m o d el p ro b lem  lin earised  a b o u t 
zero  w ith  large re la x a tio n  tim e. W e an alyse th e m od el su b je c t  to  th ree  load in g  strateg ies; 
th e  co n stan t lo a d  p rob lem , th e  s lo w ly  v a ry in g  load  p rob lem  an d  th e  p a ra m e tric  lo a d in g  
p rob lem . T h e  ch ap ter  open s w ith  a  gen eral d iscu ssion  on p e r tu rb a tio n  tech n iq u es, w ith  
th e  m ain  em p h asis on  the m e th o d  o f m u ltip le  scales. T h e  th re e  lo a d in g  p rob lem s are 
in tro d u ced  w ith  a  b r ie f d iscu ssion  on each.
W e a p p ly  th e  m u ltip le  scale  m eth o d  to  th e  co n stan t lo a d  v isco e la stic  m od el an d  o b ta in  an  
a sy m p to tic  so lu tio n  th a t  has a n  e lastic  com p on en t an d  a  creep com p on en t. T h e  so lu tio n  
agrees w ith  th e resu lts  o b ta in e d  in  th e  sta b ility  an a lysis  o f  S e ctio n  3.3. F or u n sta b le  
so lu tion s w e can  d eterm in e th e  cr itic a l tim e at w h ich  th e  m o tio n  o f  th e system  is d o m in a ted  
b y  th e  creepin g term . T h e  b eh a v io u r  o f th e  system  is d em o n stra ted  in a  series o f g rap h s. 
T h e  s lo w ly  v a ry in g  load  p ro b lem  is also an a lysed  u sin g  th e  m u ltip le  scale ap p roach . W e 
show  th a t a  m ore co m p lica ted  tim e variab le  is needed  to  d escrib e  m otio n  on a  fast tim e 
scale. W e d eterm in e a co n d itio n  o n  the load in g  fu n ctio n  to  en su re s ta b ility  in  th e  sy stem . 
A g a in  w e g rap h  th e  b eh a v io u r  o f  th e system  for variou s load in g  fu n ction s. F in a lly  w e 
a n a lyse  th e  sy ste m  su b je c te d  to p a ra m e tric  load in g. In  th e e lastic  case th is  p ro b lem  
reduces to  th e  M a th ie u  eq u ation . W e are in terested  in  th e  effect o f in clu d in g  a  v isco e la stic  
e lem ent on  th e tra n sitio n  curves in p a ra m e tric  sp ace  th a t se p ara te  sta b le  an d  u n sta b le
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so lu tio n s o f  th e  M a th ie u  E q u a tio n . T h e  m eth od  o f s tra in ed  p a ra m eters  is u sed  to  c a lc u la te  
th e n ew  tra n sitio n  curves. T h e  resu lts are d iscu ssed  an d  th e so lu tio n  to  th e  p ro b lem  is 
presen ted  grap h ically .
T h e  m u ltip le  scale an d  re la ted  tech n iques are d iscu ssed  in d e ta il in  C o le  an d  K e v o rk ia n  
[5, 6 ], N ayfeh  an d  M o o k  [23] an d  H olm es [16]. In  M u rp h y  [24], th e  d y n a m ic  b u ck lin g  
o f lin ear v isco e la stic  rod s is in v estigated . M u ltip le  scale  so lu tio n s are d erived  for variou s 
lo a d in g  strateg ies. W h ile  th e re  are s im ilarities b etw een  th e  w o rk  p resen ted  in  th is  ch ap ter  
an d  th a t  in  [24], th e re su lts  w ere d erived  ind ep en den tly .
5.2 P er tu rb a tio n  M eth o d s
For m an y  p rob lem s in  ap p lie d  m ath em a tics it is d ifficu lt i f  n o t im p o ssib le  to  o b ta in  an 
e x a c t so lution. T h e  p ro b lem  m ay b e  n on -linear, h ave co m p le x  b o u n d a ry  co n d itio n s, v a r i­
able  coefficients or b e  m u lti-d im en sio n al. H ow ever, a p p ro x im ate  so lu tio n s to  th ese  p ro b ­
lem s are o ften  sufficient. T h e re  are variou s m eth od s b y  w h ich  a p p ro x im ate  so lu tio n s are 
co n stru cted . S cien tific  co m p u tin g  ca n  p rovid e h ig h ly  a ccu ra te  n u m erica l so lu tio n s to  o th ­
erw ise in tra cta b le  p rob lem s. A  secon d o p tio n  is to  use p e r tu rb a tio n  tech n iq u es. C e n tra l 
to  th is  ap p roach  is th e  presen ce o f a  sm all v a ria b le  e  in  th e  govern in g  eq u atio n s. U sin g  
th ese tech n iq u es w e ca n  o ften  determ in e a reaso n a b ly  a ccu ra te  a n a ly tic  exp ressio n  for th e 
so lution.
5.2.1 The M ultip le T im e Scale M ethod
T h e  m u ltip le  tim e  scale  m e th o d  is a  p e rtu rb a tio n  tech n iq u e th a t  ca n  b e  u sed  to  a n a lyse  
system s w h ich  e x h ib it  b e h a v io u r  on  severa l d ifferent tim e scales. It  is a  g en era lisa tio n  o f 
th e m e th o d  o f stra in ed  co-ordin ates p rop osed  b y  th e astro n om er L in d s te d t [21] for the 
ca lcu la tio n  o f p e rio d ic  orb its. T h e  b a sic  id e a  w as first in tro d u ced  b y  S tokes [28] in his
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stu d y  o f flu id  flow. P o in ca re  [26] m ad e exten sive  use o f  th e  ideas u n d e rly in g  m u ltip le
tim e scales in  his in v estig a tio n s in to  th e p erio d ic  m o tio n  o f  p lan ets. T h is  m otio n  can n ot
b e  ap p ro x im ated  u sin g  a  reg u lar  a sy m p to tic  exp an sio n  d ue to  th e  cu m u la tiv e  effects o f
sm all d istu rb an ces. T h e se  d istu rb an ces e v e n tu a lly  b eco m e n o n -n eglig ib le , resu ltin g  in  an
exp an sio n  th a t  is n o t u n ifo rm ly  va lid  for tim es o f  0 ( e - 1 ). T h e  cu m u la tiv e  effects resu lt
in, for exam p le , term s p ro p o rtio n a l to et  sin kt.  W e refer to  th ese term s as m ixe d  se cu lar
term s. T h e  w ord  secu lar, d erived  from  th e L a tin  for cen tury, w as used  to  in d ica te  th a t
th e  e t  term  becom es sign ifican t w h en  th e  tim e t  is o f  th e  order o f  a cen tury. U sin g  th e
P o in care-L in d ste d t m e th o d  a  new  tim e =  (1 +  ec\  +  e 2 C2 +  . . . ) i  is defined a n d  th e
eq u atio n s are re w ritte n  in term s o f th is  stra in ed  tim e. T h e  co n stan ts c\ , C2 , . .  • are chosen
to  rem ove secu lar term s. M u ltip le  tim e scales is an  exten sio n  o f th is  id e a  w h ere m u ltip le
in d ep en den t tim e va riab les b ase d  on th e  exp an sio n  p a ra m eter are used. T h e  use o f  tw o
in d ep en den t tim e scales w as p rop osed  e x p lic it ly  b y  K u z m a k  [20] and  in d e p e n d e n tly  b y
C o le  and K e v o rk ia n  [4]. T h e  la tte r  stu d ie d  gen eral, w e a k ly  n on lin ear p rob lem s o f th e
form
yW + 2/00 + £/(y> y> £> *) = °> y(°) = a> y(°) = b>
u sin g  tw o tim e-scales, th e  slow  tim e t  =  e t  an d  th e  fa st tim e  defined b y  t + =  ( 1  +  e 2 C2 +
e3 C3 +  . . .  )t.  T h e y  o b ta in  an  a sy m p to tic  exp an sio n  o f  th e  so lu tio n  in th e  form
N
y(t;  e) =  F(t+, i - ,e )  =  ^ F n { t + , i ) e n +  0 ( e N+1)
n= 0
w h ich  is u n ifo rm ly  va lid  (as e —> 0) on  th e e x p a n d in g  in te rv a l 0 < t < T  w h ere  T  =  ( ) (e~ 1).
T h e  tw o-tim e ex p a n sio n  ca n  b e  ex ten d ed  fu rth e r  b y  th e  in tro d u ctio n  o f m u ltip le  tim e 
scales o f th e  form
t k =  ekt , k  =  0 , 1 , 2 , . . .  (5 .2 .1)
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w here each  o f th e  tim e  va riab les t). is assum ed to  b e  in d ep en d en t. A n  e x p a n sio n  w ith
N  +  1 term s in v o lv in g  N  +  1 tim e  variab les is g e n e ra lly  u n ifo rm ly  va lid  on an  in terv a l
0 <  t  <  T  w h ere T  =  0 ( e ~ N ). T h e  choice o f tim e scales ca n  b e  m ore g en era l th a n  (5.2.1).
T im e  variab les th a t  are  a  non -linear fu n ctio n  o f  t  and  e m ay  o ccu r. T h e  fu n d a m e n ta l
assu m p tio n  o f  th e  m u ltip le  tim e scales m eth o d  w ith  N  +  1 in d ep en d en t tim e v a riab les
ifc, k — 0 , 1 , . . .  , N  is th a t  so lu tion s have a  g en era l a sy m p to tic  ex p a n sio n  th a t  is u n ifo rm ly
valid  (as e —> 0) in  th e  ex p a n d in g  tim e  in te rv a l 0 <  t  <  T(e)  =  0 ( e ~ N ) a n d  each
term  in  th e  g en eral a sy m p to tic  exp an sion  ca n  b e  u n iq u ely  exp ressed  as a  fu n c tio n  o f
t 0, ¿1 , . . . ,  iyy an d  a pow er o f e. T his is a  p o w erfu l a ssu m p tio n  an d  resu lts  in  th e  rem oval
o f  secu lar term s from  th e  so lu tion . For exam p le , w ith  tw o in d ep en d en t tim es d efin ed  b y
t 0 =  t yt i  =  et,  a  term  o f  th e  form  et^s'mkto  in  the 0 ( e )  co n tr ib u tio n  to  the ex p a n sio n
v io la te s  th e  u n iqu en ess assu m p tion  as it can  b e  in clu d e d  in  th e  0 (1 ) c o n tr ib u tio n  as
t \  sin fc£(j. S u ch  a  te rm  m u st b e rem oved  b y  a  su ita b le  con d ition .
5.3 T h e M o d el P rob lem s
In th is  section  w e in tro d u ce  th e  th ree  load in g  p rob lem s th a t  are con sidered . T h e  first p ro b ­
lem  w e in v estiga te  is th e  v isco e la stic  m od el w ith  co n stan t load . T h e  govern in g  eq u atio n s
x  =  —cox — y,  
y  =  - a { y  +  - x } ,
w h ere  u  =  (^ — A) an d  th e  in itia l con d ition s are  s(O ) =  £l> ¿(0 ) =  £2 an d  y(0) =  7 . A s  
w e are in terested  in  th e  effect o f  in clu d in g  th e  v is c o e la stic  elem ent o n  th e  e la s tic  sy ste m  
w e o n ly  consider th e  case uj >  0. For loads sa tis fy in g  u> <  0 th e  system  is in sta n ta n e o u sly  
u n stab le. For a  large re la x a tio n  tim e w e h ave a € l  an d  so a  is a  n a tu ra l sm all p a ra m e te r
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for th e  system . T h is  is an  exam p le  o f a  lin ear o sc illa tin g  system  w ith  a sm all v is c o e la stic
effect.
T h e  second p ro b lem  th a t  w e d iscuss is th e v isco e la stic  m od el w ith  a s lo w ly  v a ry in g  load  
A ( t ,e)  =  A (et) w h ere e « l .  T h e  govern ing  eq u atio n s are
x  =  —k2(et)x  — y,
V = -a{y+ -x},
w here k2(et) =  \  — A (et).  A g a in  we con sid er th e  case k 2(et) >  0. For larg e  re la x a tio n  
tim es w e h ave a  -C 1 an d  so th ere  are tw o  sm all p a ra m eters  in  th e  system . S in ce w e w an t 
to in v estigate  b o th  th e  v isco e la stic  effect an d  th e  effect d ue to th e  s lo w ly  v a ry in g  load , we
a. =  e ( a o  +  e a i  +  e 2a  2 +  ■■•),
w h ere th e co n stan ts cto, a i ,  0*2 ■.. are to  b e  determ in ed .
F in a lly  w e w ill  a n a lyse  th e  v isco e la stic  m od el su b je c t  to  a load  o f th e  fo rm  A ( t ,e ) =  
Ao +  e c o s  nt  w h ere aga in  w e h ave e «  1. T h e  load  o scilla tes w ith  sm all a m p litu d e  a b o u t 
th e co n stan t va lu e  Ao- T h is  form  o f lo a d in g  is k n o w n  as p a ra m etric  e x c ita tio n . It  can  
resu lt in  p a ra m e tric  reson an ce w h ereb y  a  sm a ll e x c ita tio n  ca n  p ro d u ce  a larg e  resp on se 
w h en  th e freq u en cy  o f  th e  e x c ita tio n  k is close to  a n  integer m u ltip le  o f  h a lf  th e  n a tu ra l 
freq u en cy o f th e  system . T h e  m od el eq u ation s are
x =  (—u> +  e cos nt)x  — y,
P ,y =  - a { y  +  - x } ,
w h ere u  =  |  — Ao- T h e  e lastic  sy ste m  o b ta in e d  b y  se ttin g  a  =  0 an d  y ( 0) = 0  is th e  
M a th ie u  eq u atio n , th e  so lu tion s o f  w h ich  are  w ell know n. O f  in terest are  th e  region s 
o f s ta b ility  an d  in s ta b ility  in  th e  u>, e-p lan e an d  th e  ca lcu la tio n  o f  the tra n s itio n  curves
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between these regions. We will determine the effect; of the viscoelastic element on the
transition curves that result from the elastic case. Again we must be careful that we
include both the effect due to the viscoelastic element and the effect due to the load. This
is achieved by again setting
a  =  e («o  +  £ « i  4  £2«2 +  •••)■
5.4 T h e C on stan t Load P rob lem
In this section we apply the multiple time scale method to the viscoelastic model with 
constant load and large relaxation time (a <£ 1). The governing equations for the mode] 
are
x  = —u)x — y, (5.4.1a)
V -  -«{'i/4- ~x} ,  (5.4.1b)
where w = g — A > 0 and the initial conditions are given by (0) =  (i, arz(0) = Ca and
y(0) — 7 . We let e =  a. Now, the two-time expansion method with two independent
time variables, i  — et and £+ =  (1 4  £2C2 4- eJcz . . .  )i, does not result in a uniformly valid 
solution on the time interval 0 < t <  T(e) — 0(e~2) for general initial conditions. To 
obtain an expansion that is valid on this time interval we require three independent times 
defined by io =  M i — aild ¿2 =  £2t- We seek an expansion for x(t.\e) and ?/(/.; e) in the 
form
x(£;e) =  X { t o , t i , t 2\£) —  ATo(io)^ii t.2) 4  e X \  ( i o i^ u ^ )  4  e2-^2(^ 01 *1 > ¿2) 4  • • • (5.4.2)
y{t;e) — Y(t.o, t i , t 2‘}e) =  Yo(t.o,ti, h )  4- eY\ (io, *i,¿2) +  e2^2(io»*1^ 2) +  - • - (5.4.3)
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Derivatives with respect to t are expressed in terms of the new time variables /.(>, t. i and
1.2. Let Dn = d/d to ,Di  — d/dt.\ and D-i =  d /d t2. Applying the chain rule to d/dt  gives
^  =  [(Dn +  e D l + £ 2D2]k . (5.4.4)
Substituting (5.4.2), (5.4.3) and (5.4.4) into (5.4.1) and expanding in powers of e results 
in the following sequence of problems:
0(1)
L(X0) s  D lX o + ioX0 =  -Vo, (5.4.5a)
D0Y0 =  0. (5.4.5b)
0(e)
L(Xi )  =  - 2 D nD vXQ -  Yu  (5.4.6a)
DoYy =  -D iY o  - Y 0 -  %X0. (5.4.6b)
2
0 (e2)
L(X2) =  —2X>0Z?i^Ti -  -  2D0D2X 0 -  Y2, (5.4.7a)
d qy2 =  -D .y ,.  -  y, -  ^ X i  -  D2y 0 -  y0 -  ^ x 0. (5.4.7b)
The 0(1) problem is solved to give
*o(«o, h , h )  =  cos \/wio +  ¿2) sin \/u>fo
-  (5.4.8a)
Id
Y o(to ,tu t2) =  C 10(tu t2). (5.4.8b)
By imposing conditions that remove secular terms in the 0(e) and 0 ( e z) problems wo
will he able to determine the dependence of j4q, and Cq on the tunes and t2 . 1 We
'T h e  superscripts l , e  that appear 011 the functions A,, Bi,Ci indicate the level a t which these functions 
enter th e  solution.
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substitute for Xo and Vo from (5.4.8) into the right hand side of (5.4.G) to get
D0Yi = - D, C ,,1 -  ^ [A l cos yfc t  -1- B,1, sin ^ i ]  (5.4.9)
ui 2
Now, unless we set —D\C^ -  C j = 0 in (5.4.9) we will introduce a secular term into
the solution. Solviug this for 6 'q gives
C o{t i , t2) -  Co(i2)e-STg/3t, (5.4.10)
and we can now solve (5.4.6) for Y\ to get
Y \ ( t o , t \ , k )  =  ^ Â =  [ ^ ¿ ( i i ,  h )  sin s f i ü t - B Ù ( t  i , i 2 )cosv/wi] +  C f ( i 2). (5.4.11)
Substituting Xo and Yi into (5.4.(>a) gives us two conditions that must, be satisfied if the 
X  | solution is not to have secular terms. These are
ZMi + ¿ A i
BiMi +
cos sfato =  0 , 
sin y/uto — 0 .
Solviug for and gives
4 (ii,i2) = A l { t 2)e~& t\
B l0 { h , t 2)  =  B e0 ( t 2) e - t 1' .
Continuing in this fashion we obtain the following expressions for the X t ( ta , l i ,h)  to 
0 (£2),
X i ( t o , t i , t 2) =  A i e ~ & tl cos(\/w£o -  +32cj '3/2--------
i d -#-ti ■ t r~i @0- 3(ym 8A)+ Bie sin(^/ttî//0----- -\2uj:'/2---  '
4- C ié -^ ~ ^ )Ll
(5.4.12)




The initial conditions are a?i(0) =  ( i , £2 (0 ) =  C2 and y[0) = 7 . We us« these to solve for 
the unknown constants that appear in the solution. We have x(0\e)  ( 1, dx(Q',e)/dt. — C2
and -y(0; e) =  7 . Expanding x(t; e), dx(t \e) /di  and y(t;e)  in powers of e and substituting 
in the solution (5.4.12) evaluated at t, =  0 gives 
0 (1)
A) + On =  Ci >
VEuBo =  <2, (5.4.13)
—uiAo =  —r l  — W7'3.
0(e)
A 1 4- C\ — 0 ,
=Pi Ao  -fpsOo, (5.4.14)
—loA i = 2\/u}piBa.
0(e2)
A-j, +  O2 — 0 ,
\Zu>B‘2 =  p\A \ + P 3OJ + P 2B 0, (5.4.15)
- ujA2 = 2s/u>V]B\ -  2 s/upzAo - p f A o  -p |O o ,
where pi =  /3/(4oj),p2 -  /?(! + 3Gm -8A)/(32o>3/2) and ps =  w). Solving (5.4.13),
(5.4.14) and (5.4.15) for the constants A,, /i, and O, gives
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2 s/u p lB i -  2 y/üjp2A0 -  p \A 0 - pjc0 p i A 0 + p 3C0 +  P2B 0
A - 2  =   ----------------------------------------------------------------------------------------------------------------- --— , £ > 2  = --------------------------------- -;= ■ ---------------------------- ;
U) y/U)
and
2y/üpiB i -  2^/üjp2A0 - p f A o  -  pjCo
C2 = u
W e see th a t each  o f th e  co n stan ts in  th e so lu tion  is lin e a rly  d ep en d en t o n  e ith er one or 
tw o o f  th e  in it ia l con d ition s. W e have A q =  A o(C i)T )i-^ o =  B q( (2) , C o =  C'o(Ci), Ay =  
A 1(C2) 1B 1 =  B ^ C  1 , 7 ) , C l  =  C i ( ( 2) , A 2 =  A 2(C1 , 7 ), B 2 =  B 2(C2 ) an d  C 2 =  C2( (  1, 7 ). 
U sin g  th ese  re la tion sh ip s w e can  d eterm in e th e  non-zero term s o f  th e  ex p a n sio n  for an y 
in itia l values. T h e  need for th ree  in d ep en d en t tim es in  th e  m u ltip le  tim e  scale  exp an sio n  
can  now  b e  ju stifie d . I f  we set Cl =  C2 =  0 th e n  we h ave C q =  C\  =  0  an d  th e  creep 
co m p on en t o f th e  so lu tio n  first ap p ears in  th e  0 ( e 2) term . A n  e x p a n sio n  to  th is  order is 
req u ired  to  in clu d e  th e  creep effect an d  th u s o b ta in  a  so lu tio n  th a t  is u n ifo rm ly  va lid  on  
th e  tim e in te rv a l 0 < t < T  =  0 ( e ~ 2).
Analysis of the Multiple Scale Solution
W e n ow  d iscu ss th e  so lu tio n  o b ta in e d  u sin g  th e  m u ltip le  tim e scale  m e th o d  w ith  th ree  
in d ep en d en t tim es. In  p a rticu la r , w e are in terested  in  th e  fea tu res th a t the v is c o e la stic  
elem ent in tro d u ces to  th e  so lu tio n  co m p ared  to  th e  d yn am ic  e la stic  so lu tio n . T h e  m u ltip le  
scale  so lu tio n  h as e lastic  an d  creep com p on en ts. T h e  e lastic  co m p on en t is co m p osed  o f 
o sc illa tin g  term s w ith  an ex p o n e n tia l a m p litu d e  w h ile  th e  creep  co m p on en t is an expon en -
—  ^  f  i  0
t ia l  term . T h e  a m p litu d e  o f th e  o sc illa tio n  is g iv en  b y  e ^  1 w h ere >  0. T h u s, th e  
a m p litu d e  is e x p o n e n tia lly  d ecreasin g  for a ll valu es o f  th e  lo a d  A an d  varies o n  th e  slow  
tim e  scale  i \ . T h e  o scilla tin g  term s h ave freq u en cy  \fujtn — T h e  n a tu ra l fre ­
q u en cy  o f th e  e lastic  p rob lem , y/u,  is sh ifted  b y  th e 0 ( e 2) term  - A~. T h is  sm all
term  is p o sitiv e  for 0 <  A <  (1 +  3Gm ) /8  an d  n egative  for (1 +  3 G m)/8 <  A <  1/2 . T h u s,
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Figure 5.1: A typical multiple scale solution for À < G„ J2. The solution is stable and tends u> the 
zero equilibrium position. A numerical solution is also plotted using Mathematica for comparison. 
However, the solutions are indistinguishable.
t
Figure 5.2: A typical multiple scale solution for Gm/2 < A < 1/2. Initially, the solution appears 
to be stable. However, the positive exponential term destabilises (.he solution. Again we plot a 
numerical solution for comparison. However, the solutions aie indistinguishable over this time 
interval.
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d ep en d in g  on  th e  load value, th e  frequency o f osc illa tion  can  b e  increased  or decreased.
T h e slow ly m od u lated  osc illa tion s have a  stab ilis in g  effect on  th e  so lu tion .
T h e  exp on en tia l term  e_ i^ “ 2W)il resu lts from  creep in  th e  system . T h is creep term
varies on  th e  slow  tim e scale ty. It is exp on en tia lly  decreasing for 0 <  A <  Gm/ 2 and
th is has a stab ilis in g  effect on th e  so lu tion . However, for Gm/ 2 <  A <  1 /2  th e  creep term
is ex p on en tia lly  increasing on th e  slow  tim e scale and th is  w ill even tu a lly  d estab ilise  th e
so lu tion . R eca ll th a t in  our sta b ility  analysis in  C hapter 3 we fou n d  th a t th e  (0, A) branch
o f equ ilibria  is stab le  for A <  1 /2  in  th e  e lastic  case w h ile  in  th e  v isco e la stic  case we
found th a t th is branch o f equilibria  w as stab le  for A <  Gm/ 2 and  u n stab le  in  th e  in terval
Gm/2  <  A <  1 /2 . T h e m u ltip le  scale so lu tion  agrees w ith  th is.
In F igure 5.1 we p lot the m u ltip le  scale so lu tion  for a typ ica l va lue o f A <  Gm/ 2. A
m im erical so lu tion , generated by th e  m ath em atica l softw are package M atliem atica , is also
p lo tted . H owever, the so lu tion s are in d istin gu ish ab le. T h e  m ain  features o f th e  so lu tion , as
d iscussed  above, are apparent. A  typ ica l so lu tion  for Gm/ 2 <  A <  1 /2  is p lo tted  in  F igure
5.2. W e also  include a num erical so lu tion . A gain , th e  so lu tion s are in d istin gu ish ab le .
However, i f  we com pare th e  m u ltip le  scale so lu tion  w ith  th e  num erical so lu tion  over a
m uch greater tim e interval, slight differences becom e apparent.
C ritica l T im es
For values o f th e  param eter A in  th e  range Gm/2 <  A <  1 /2  we are in terested  in deter­
m in in g  th e  tim e at w hich  th e  exp on en tia lly  increasing creep term  is o f the sam e order of  
m agn itu d e as th e  oscilla ting  term s. P hysica lly , th is  tim e gives an  in d ica tion  o f th e  u sefu l 
lifespan  o f th e  structure. For general in itia l cond itions we have
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O i h A B e - ^ 1) = O i h c e ^ - ^ ' 1) (5 .4 .1 6 )
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Figure 5.3: A typical unstable multiple scale solution with non-trivial initial conditions and 
critical time tcr = 45.717. Examining the solution we see that the instability does appear in a 
neighbourhood of this critical time.
where Ii a b  ~  j4o "I" B q +  £(-41 +  B\)  4- £2(A-2 +  B2) and hr; ~  Co +  sC\  +  ¿^€'2- We solve 
(5.4.IS) for t to get the critical time
4u>




For non-trivial initial conditions we have Iia a ¡he  = 0(1) and so tcr — O fe“ 1). In Figure 
5.3 we plot a typical solution satisfying Gm/2  < A < 1 / 2  with non-trivial initial conditions. 
We can also calculate the critical time when one or more of the initial conditions are zero. 
We look at two cases, the first is when we have 7  = 0 and the second is when Ca =  7  =  0- 
Case 1: 7  =  0 .
This occurs when the stress due to creep is initially zero, which results in one trivial initial 
condition, Cq =  0. Therefore the creep component first appears in the solution in the 
O(e) term. We have he  =  eC\ + t l Ci  and so Iimi /Iic — 0(e) giving a critical time that
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t
Figure 5.4: A typical unstable multiple scale solution with 7  = 0 and critical time tcr — 94.773. 
Again, we see that the instability becomes apparent in a neighbourhood of this time.
is of order 0 (  j  In | |^). The critical time is increased with this type of initial condition. In 
Figure 5.4 we plot a typical solution satisfying 7  = 0 . The critical tune is greater that in 
the case of non-trivial conditions, as expected.
Case 2 : (2 = 7  =  0
In this case both the initial velocity and (.lie initial creep stress are zero. The creep 
component of the solution is zero up to 0 (e) as the choice of initial conditions gives 
Co =  0 and Ci =  0. We also have Aq — B\ =  A2 =  0. Substituting these trivial initial 
values into (5.4.17) gives !iabP 1c  =  0 (e-2). This results in a critical time that is of order
I. =  0 (-L In | Jjj). Again we see an increase in the critical time. This is apparent in Figure
5.5 where we plot a typical solution with C2 =  7  =  A-
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F igure 5.5: A typical unstable multiple scale solution with 7  =  C2 = 0  and critical time tcr =  
218.128.
5.5 T h e S low ly  V arying Load M o d el
In th is  section  we consider th e  effect o f  a slow ly  varying load  on  th e  Link m od el. B y  
slow ly varying we assum e th a t th e  load  varies on  a tim e-sca le  th at is m uch longer th an  
th e  natural tim e-sca le  associa ted  w ith  th e  m odel. T h is is a genera lisa tion  o f th e  con stan t  
load v isco e la stic  m odel. P h y sica lly  w e m ay encounter a slow ly varying load in  a num ber  
o f w ays. O ne exam p le m ay be a slow  change in load  due to  ex tern a l factors. A lso , if  the  
properties o f th e  v isco e la stic  elem ent change slow ly due,for in stan ce, to an aging p rocess, 
w e exp ect its  response to  th e  load  to  vary. A crude w ay o f m od elin g  th is  response w ould  b e  
to  hold  th e  v isco e la stic  properties constant and slow ly  vary th e  load. T h e  effect o f a slow ly  
varying load on  an e la stic  oscilla tor has b een  d iscu ssed  in  C ole and  K evorkian [6]. W e w ill  
ex ten d  th ese ideas to  th e  v iscoe lastic  m odel. T h e  analysis is n o t as straightforw ard as in  
th e  constant load  problem . T h e  v iscoelastic  m od el has a natural sm all param eter, a « l ,
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for large relaxation times. The slowly varying load A(i;e) =  A(e£) introduces another
small parameter, £ «  1. In order to include both the viscoelastic effect and the slowly
varying effect simultaneously we require that a  =  0 (e) and so set. a  =  c(oo + a\e  + . . . ) .
The model equations are
x  = —k2(et)x — y,  (5.5.1a)
ÿ  =  —a { y  +  ^ x }, (5.5.1b)
where k2(et) =  5 — A(ei) and the initial conditions are given by x \ (0) — ( 1, .7:2 (0 ) =  Ç2 and 
2/(0 ) = 7 . A multiple scale expansion with a fast time ¿0 =  £ fads to provide a uniformly 
valid approximation for long times as this choice of fast time does not take account of the 
slow variation in the frequency of the oscillations due to the slowly varying load. Kuzmak
[2 0] recognised that the oscillations in the solution should have a constant frequency with 
respect to the fast time and so allowed the fast time to have a nonlinear dependence on 
/.. In light of this we choose our fast time to be ¿0 =  /(i,e) where /(i,e) is a smooth,
non-negative, increasing function of t. and satisfies et -C ) as e 4- 0. We denote the
slow time by t\ =  et. Substituting x(t,e) =  X(to, ty\e)  and y(t, e) =  Y (io, t\ ; e) into 
(5.5.1) gives
{ f t D l  + fuDo + 2eftDQD l +  e2D'\)X + k2X  -  —Y, (5.5.2a)
(f tD0 +  eD \)Y  =  -e(«o + a a , + . . .  ){Y  + f^ X } .  (5.5.2b)
The terms in (5.5.2a) that result in oscillations 011 the fast, time scale are f f  D^X  and 
k2 X . Equating these to zero gives
f t  D l X  + k2X  =  0. (5.5.3)
Now, by setting /i(i,e) = k(et) in (5.5.3) the oscillations in the solution will have a
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constant frequency with respect to the fast time Integrating gives the fast time,
/ ( M )  =  f o  K e t )(It .
We seek a solution to (5.5.1) in the form
x (i;e) = X(t.o, ¿i;e) = Xo(to, ti)  +  zXy(t.Q, t.y) + . . .  (5.5.4a)
j/(i;e) = y(/,0,£r,e) =  Yo{to,h)  + eY iO M i) +  • • • (5.5.4b)
Substituting (5.5.4) into (5.5.1) gives the following sequence of problems 
0 (1)
t f D l X o +  k2X o =  —Vo, (5.5.5a)
A:DoYo =  0. (5.5.5b)
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0(e)
k 2 D l X y +  k 2X y  =  — Y i -  Jb'D o^ o -  2JfejD0A  X 0, (5 .5 .6  a)
kDyyYy =  — -Di Y0 -  « o ( Y 0 +  £ * 0). (5 .5 .6 b )
0(e2)
k2L>QX2 +  A:'2X 2 =  - Y 2 -  k'DoXy -  2k D 0D l X L -  D 'jX 0, (5.5.7a)
k D aY2 =  —D \Y \  -  « 0 (Y i +  ^ X x) -  ay(Y 0 +  ^ X a). (5.5.7b)
Now, in order to correctly determine a uniformly valid solution to 0 ( e 2 ) il. is necessary to 
include a third time i-2 =  e2t. However, the analysis becomes quite complicated. We will 
calculate the solution to O ( e ) .  This solution is valid on the time interval 0 <  /  <  0 ( e  ' ) .  
The analysis demonstrates the important properties of the solution and solution method.
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T h e  slow ly varyin g  solution
S o lv in g  (5 .5 .5 ) for Xo a n d  Yq g ives
ATo(/.o, ty ) =  v4o(£|) co s  U) +  B o(ti  ) s in  to —
Yb(/.0) £ i) =  C a(t\).
Co(U )
A:2 ( i , ) ’
(5 .5 .8 a )
(5 .5 .8 b )
S u b s t itu t in g  (5 .5 .8 )  in to  (5 .5 .6 b ) g iv es
0  0  
k D 0Yi =  - « o - ( > 4 o  cos /0 +  B 0 sin < o) -  C'o ~  ocC q{1 -  ^ p j) . (5 .5 .9 )
T o  avo id  se cu la r  ter m s in  (5 .5 .9 )  w e im p o se  th e  c o n d itio n  —C'0 — n C 'o(l — ^f?) =  0. S o lv in g  
for Co{t>i) g iv e s
C0( ti)  =  (5 .5 .1 0 )
w h ere  K ( t \ )  =  f Q' jp r^ d r .  N ow , (5 .5 .6 a ) is so lv e d  for Y\ to  g iv e
Y v { ta ,h )  =  — \ M o (£ i)s in fr )  — S o ( i i )  co s to) +  Ct (Ai).
S u b s t itu t in g  (5 .5 .8 a )  a n d  (5 .5 .1  J) in to  th e  (5 .5 .6 a )  g iv e s
«0/3
(5 .5 .1 1 )





— 2kB'0J  co s  ¿o 
-I- s in  ¿o — O i (5 .5 .1 2 )







— 2kB lQSJ  sinio =  0,
+  2kA'o ) co s  to =  0,
(5 .5 .1 3 a )
(5 .5 .1 3 b )
th a t  m u st  b e  sa t is f ie d  if  secu lar- term s are to  b e  avo id ed . W e so lv e  (5 .5 .1 3 )  for / lo ( / . |)  an d  
B o {t} ) to  g e t
Aoitn) =  Aoe-a°V4K<l 'W m / k ( t i ) ,  
Bo(ti) = Boe-,Xo^ K{l'W W )/k(ti).
(5 .5 .1 4 a )
(5.5.14b)
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We can now  solve (5.5.12) fo r  X\  to  get
Three Model Problems
X i ( t 0, t i )  = ) cos t0 +  B\ {h ) sin <o -  Ci(ti)/k:2{ti). (5.5.15)
Substituting for X\  and Y\ in the 0 (e2) problem results in conditions that (t\ )
and Ci (/.i) must satisfy to prevent the occurrence of secular terms. We get
A ]( t l ) =  A le~no^ I<^ W m / K h ) ,  
B x (ti)  =  B re - a* W K W  s / m J W i ),
and
G i( t i)  =  C i e - ao^ - ^ l< M ).
We see that these terms have the same form as the 0(1) terms, as was the case in the 
constant load problem. We can write the solution as
x{ t]e) =  (Aa + e A i)e -“° ^ 4K(il> y/k{Q)/k(h ) cos t0
+  (B0 +  eBy)e-Q0^ 4r<^  > V H V / W i )  +  eB l )s\nt.0 
+  {C 0 +  £C l ) e - ao(‘l l - 2 I<^ ) ) . (5.5.16)
From the initial conditions we get
¿ o  =  /c2 (0)Ci + 7 , Bo =  ( 2 ,  Oo =  (1 -  fc2(0))<i - 7 .
A\ — 2Bo
1 fc'(O)
> 2 (0 ) 2k(0)




B\ =  —Ao
1 k'( 0 )




A n alysis  o f th e  slow ly varyin g  solution
T h e so lu tion  (5 .5.16) to  th e  slow ly varying load  problem  has o sc illa tin g  term s w ith  an  
exp on en tia l am p litu d e w hich  represent th e  e la stic  behaviour o f th e  sy stem  and an ex p o ­
n entia l creep term . T h is is sim ilar to  th e  con stan t load  problem . In  fact, i f  w e set the  
load A(et) to  a con stan t value, th en  we recover th e  so lu tio n  o f th e  con stan t load  problem , 
tak ing  in to  account th a t th e  fast tim es differ by a  constant m ultip le .
T h e sta b ility  o f  th e  so lu tion  can be determ ined  by looking at th e  ex p o n en tia l term s in  
th e  so lu tion . T h e  osc illa tin g  term s are m od u la ted  by e - “0^ /47^ 1) w here — ao/3/4:K(ti) <  0 
for «o >  0. Therefore, the am plitude o f  the osc illa tion s is exp on en tia lly  d ecreasing  and th is  
has a stab ilis in g  effect on  th e  solution . T h e  creep term  is o f th e  form  Cbe“ “ °(i l _ 2 ^ (*0). 
A gain , w ith  ao >  0 th e  exp on en tia l is decreasing for
e m = j l  /■“  _ _ i _ *  <  1 . (5 .5 .1 7 )
2 £ i  2/4  J 0 ^  — A ( r )
T h e so lu tion  w ill b e  stab le  if  (5.5.17) is satisfied  for all values o f ty > 0. H owever, 
if  there ex ists  som e tim e t* such th at >  1 for all t \ sa tisfy in g  t\  >  t* th en  th e
so lu tion  b ecom es unstab le . N ow , (3K(t\) /  (2t\) is b ou n d ed  b elow  by ¡3 < 1, (let A =  
0). A lso , se ttin g  A (et) — Gm/ 2 , th e  critica l load  for th e  constant load  problem , gives 
¡3K(ti)/ (2t\) =  1. For constant values o f  A >  Gm/ 2, we have u n stab le  so lu tion s. T h is  
agrees w ith  th e  con stan t load  problem  resu lts. If we vary th e  load  p er iod ica lly  about  
the critical load th en  we m ay achieve a stab le  so lu tion  a lth ou gh  (5 .5.17) is not satisfied  
over som e fin ite  tim e  intervals. T h is is in contrast to  the con stan t load  prob lem  w here  
loads even sligh tly  greater th a t th e  critical load  cause th e  system  to  becom e u n stab le . In  
Figure 5.6 we p lo t th e  fu n ction  ¡3K(t\) ¡2t\ for a load  given by A (ii)  =  0.25 — 0.2 cos i i .  
T h e critica l load  is given  by Gmj 2 = 0.35. T h e load  oscilla tes ab ou t the cr itica l load, 
reaching a m axim um  of 0.45 and a m in im um  o f 0.05. W e p lot th e  slow ly  varying  so lu tion
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F ig u re  5.6; T h e function 0 K (ti) /2 t.i ,  w ith  associated load A (i|)  =  0.25 -  0 .2  cos i i , is p lotted . 
The function oscillates about th e critical value o f  1, decaying with tim e. T h e tim e-scale is given  
by *i =  et,.
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F ig u r e  5.7: T h e slow ly varying solution w ith load A (t |) =  0.25 -  0.2 cos 11. T he positive peaks in 
the solution occur a t those tim es when the function f3K(ti ) /2 t l increases above th e  critical value 
of 1. T he solution  stabilises over time. T he tim e-scale is given by f* — el.
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F ig u r e  5.8: T he function f}K (t\) /2 ti  w ith associated  load A (i|)  =  0.2 -  0.1 c o s t i ,  is p lotted  . 
The function is oscillating with decaying am plitude, but, tends to a value that is greater that the 
critical value o f 1. T h e tim e-scale is again given by t\ =  et.
in  F ig u re  5 .7 . A lth o u g h  th e  lo a d  in crea ses  p e r io d ic a lly  a b o v e  th e  c r it ic a l lo a d  w e se e  th a t  
th e  s o lu t io n  s ta b il is e s  as t im e  in crea ses. T h is  is in  co n tra st  to  th e  s itu a tio n  sh o w n  in  
F ig u re  5 .9 . H ere , w e  p lo t  a  so lu t io n  c o r r e sp o n d in g  to  a  load  A (*i) — 0 .2  — 0 .1  c o s /,(, w ith  
cr it ic a l load  g iv e n  b y  G m / 2 — .2. T h e  so lu t io n  o sc illa te s  e v e n ly  a b o u t  th is  lo a d . T h e  
co r re sp o n d in g  fu n ctio n  (3K(i.\)/2t\  is p lo t te d  in  F ig u r e  5.8.
5.6 T h e P aram etric  Load M o d el
In th is  se c t io n  w e co n sid er  th e  d y n a m ic s  o f  th e  L ink  m o d e l s u b je c te d  to  a  load  th a t  
o sc illa te s  w ith  sm a ll a m p litu d e  a b o u t  a  con stant, va lu e. W e se t  A ( i ,e )  =  A« +  e co s  k.1
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F igure 5.9: The slowly varying solution with load A(ii) =  0.2 — 0.1 c o s ii. The solution becomes 
unstable, due to the condition ¡3K(t\)/2t\ >  1 being satisfied as i i  —> oo.
w here e -C 1. T h e  m od el equations are
x  =  — (uj — e cos nt)x  — y, (5.6 .1a)
il = - a l y +  (5.6.1b)
w here u  =   ^ — Ao and  tv 1 and w ith  in itia l cond itions g iven by x \ (0) =  £ i, .7:2(0) =  ( 2 
and y ( 0) =  7 . T h e  corresponding e la stic  system , ob ta in ed  in  th e  lim it as a  —»■ 0, is the  
M ath ieu  equation . W e w ill in vestigate  th e  effect o f  th e  v isco e la stic  term  on  th e  regions  
o f sta b ility  and  in sta b ility  o f th e  e la stic  sy stem , w hich  are w ell know n. In  particu lar  
we ca lcu la te  th e  tran sition  curves b etw een  th ese  regions. W e b eg in  th e  an a lysis  w ith  a 
d iscussion  o f th e  behaviour o f  so lu tion s to  th e  M ath ieu  equation , w h ich  is b ased  on  results  
in  N ayfeh  and M ook [23]. W e th en  in troduce th e  v iscoelastic  elem ent in to  th e  m od el and  
discuss th e  effect o f its in troduction . A s the techniques used in  ca lcu la tin g  th e  so lu tion  are
sim ilar to  th ose  in  Section  5.4 and S ection  5.5, som e o f th e  d eta ils  are om itted . R ather,
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w e concentrate on th e  im p ortan t p o in ts of th e  analysis.
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A n alysis  o f th e  elastic M a th ieu  equation
T h e M ath ieu  eq u ation  is g iven  by
x  + (uj — e cos nt)x  = 0, (5 .6 .2)
where u  =  |  — Ao and e <  1. A regular exp an sion  in  e o f th e  so lu tio n  to  (5.6.2) in d icates
th e  presence o f  secular term s and also a breakdow n of th e  so lu tio n  w h en  u> «  n?K?/ 4,
resu lting  from  th e  presence o f sm all divisor term s. A t th ese values o f  to there is a resonance  
effect due to  th e  in teraction  betw een  th e  natural frequency u> and the frequency o f th e  
ex c ita tio n  n. U sin g  F loq u et T h eory  to  analyse th e  M ath ieu  eq u ation , w e determ ine th a t  
the w e-p lane can be separated  in to  regions w here th e  so lu tion  is stab le  (bounded) or 
u n stab le  (unbound ed ). T h e boundaries betw een  th ese  regions are ca lled  tran sition  curves 
and can  b e  represented by co =  n 2K 2/ A + l j o e + u i e 2 + . . . .  To d eterm ine th e  eq u ation  o f the  
tran sition  curves and th e  so lu tion  close to  th ese  curves, th is  exp an sion  for u j is su b stitu ted  
into th e  d yn am ic equations and  th e  m eth o d  o f  m u ltip le  scales is ap p lied . T h e  tra n sitio n  
curves are seen  in  F igure 5.10.
T h e  so lu tion  to  th e  elastic  sy stem  w ith ou t exc ita tion  con sists o f o sc illa tin g  term s w ith  
constant am p litu d e. T he effect o f  the param etric exc ita tion  is to  con trib u te an exp on en ­
tia l am p litu d e to  th e  oscilla tion s. For b ou n d ed  so lu tion s o f th e  M ath ieu  equation , th e  
exp on en tia l has a com plex pow er, g iv in g  a so lu tion  th a t is aperiod ic , varying w ith  tw o  
frequencies th a t result from  th e  natural frequency o f th e  e la stic  sy stem  and th e  param etric  
ex c ita tio n  frequency. O n tran sition  curves th e  exp on en tia l van ishes and  th e  so lu tion  is 
p eriod ic  w ith  constant am plitude. For u n stab le  so lu tions the ex p o n en tia l am p litu d e has a 
p o sitiv e  exp on en t, resu ltin g  in  an  exp on en tia lly  increasing am p litu d e and  an  unboun ded
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F igure 5.10: The transition curves separating the stable (clear) and unstable (shaded) regions of 
the we-plane for the Mathieu equation.
F igure 5.11: Plots of typical solutions to the Mathieu equation. In (a) we have a bounded solution. 
In (b) we plot the solution on a transition curve while in (c) the solution is unbounded.
so lu tion . In F igure 5.11 w e p lot typ ica l stab le  and  u n stab le  so lu tio n  curves to  th e  M ath ieu  
equation.
T h e  v isco elastic  M a th ie u  equation
N ow , w e w ish  to  in vestigate th e  effect o f  a param etric ex c ita tio n  on  th e  response o f th e  
v isco e la stic  system . We know  from  S ection  5.4 th at th e  v isco e la stic  sy stem  m ay b e  u n sta ­
b le due to  an exp on en tia l creep term . W e have seen  in  th e  case o f  th e  M ath ieu  eq u ation  
th a t th e  param etric ex c ita tio n  m ay cause th e  oscilla tin g  term s to  b ecom e u n stab le. W e 
concentrate on  th is  la tter  form  o f in sta b ility  in  our analysis. Our approach is sim ilar to  
th a t described  in  N ayfeh  [23], w here th e  effect th at v iscous d am ping has on  th e  regions o f
sta b ility  and in sta b ility  for th e  M ath ieu  equation  is in vestigated . T h e  m eth od  o f stra in ed  
param eters is used  to  determ ine th e  equations for th e  tran sition  curves. We adapt th is  
approach for th e  v iscoe lastic  m odel. T h e  m eth o d  is restrictive in  th a t it on ly  provides  
so lu tion s to  th e  system  on  th e  tran sition  curves. If we required th e  so lu tion  in  a n eigh­
bou rh ood  o f  th e  tran sition  curves we w ould  have to  use a m ore pow erful m eth od , such  as 
m u ltip le  scales. T h is is th e  approach taken by M urphy [24], T h e  eq u ation s o f m o tio n  are 
given  by (5 .6 .1 ). W e look  for a so lu tion  in th e  form
x(t; e) = X Q(t) + eX i(t) + e2 X 2 {t) +  . . .  (5 .6 .3a)
y(t-e) = Y0 (t) + eYi(t) +  e2 Y2 {t) +  . . .  (5 .6 .3b)
W e also exp an d  u  as an asym p totic  sequence in  e at th e  resonance p o in ts. W e have
n2n2
u> =  —  H etJi +  e2 u>2 +  • • ■ (5 .6 .4)
for n  =  0 , 1 , . . .  . W e determ ine values for th e  Wj by im p osin g  th e  con d ition  th a t secular  
term s b e  rem oved from  th e  osc illa tin g  com ponent o f th e  so lu tion . T h e  so lu tion  ob ta in ed  
in  th is  w ay is valid  on th e  tran sition  curves and resu lts in  an  exp ression  for th e  tran sition  
curves.
T h e  creep effect and th e  param etric effect result in  tw o sm all param eters, e and a ,  
for th e  problem . In order th a t neither effect dom in ates, we require th a t a  =  e (a o  +  
a \e +  • • • ) , w here « o , « j . . .  are constants. W e consider two cases, a>o =  k,2/ 4  and ujq = k,2 , 
(corresponding to  n = 1 and  n — 2), and  ca lcu late  th e  tran sition  curves at these resonance  
p oin ts. S u b stitu tin g  (5.6.3) and  (5.6.4) for x(t), y ( t) and  to in to  (5 .6 .1) and  exp an d in g  th e
system  o f equations in  e resu lts in  th e  fo llow ing sequence o f problem s,
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0(e)
0 ( e 2)
X q +  ujQX {) =  —Yq,
Y0 =  0.
X 1 +  UfQ A [ — —Y\ X\) COS K t — U) l X.(),
Yl =  - a o ( Y Q+ p f 2 X o ) .
X ‘2 +  Wq X i  — —Y'l +  X \  COS K t  —  U )\X \ —  U/2 X 0 ,
Ÿ2 =  ~ « o ( * i  + 0 / 2 X l ) - a i (Y0 + / 3 / 2 X 0).
(5 .6 .5  a) 
(5 .6 .5 b )
(5 .6 .6 a )
(5 .6 .6 b )
(5 .6 .7 a )
(5 .6 .7 b )
C a s e  1. wo =  ij-
W e so lv e  (5 .6 .5 )  to  g e t  Yo(t) =  Co a n d  Xa{i.) =  A q c o s u>ot -f- Bq s in  w ()/, -  Co/ W  T h e s e  
e x p r e ss io n s  are s u b s t itu te d  in to  (5 .6 .6 b ) to  g iv e  Y \ . R em o v in g  se c u la r  te r m s from  th e  o s­
c i l la t in g  c o m p o n e n ts  in  (5 .6 .6 a )  re su lts  in  th e  fo llo w in g  c o n d it io n s  w h ich  m u st bn sa t is f ie d ,
Kt (  OtofiAo 
sin  — ---------------- Bo
2 \  K 
K t  (  a o p B o
cos V
2 V K
" '  +  2
« l - j
) = 0,
) = 0,
w h ere  A q an d  Bo are  n o n -zero  c o n s ta n ts . S o lv in g  (5 .6 .8 ) for uj\ g iv es
wi
(5 .6 .8 a )
(5 .6 .8 b )
(5 .6 .9 )
S u b s t i tu t in g  (5 .6 .9 )  in to  (5 .6 .4 ) ,  w e w r ite  th e  e q u a tio n  for th e  tra n s it io n  cu rv e s  to  0 (e )  
a t  u>q =  k 2 / 4  iis
K





This transition curve is discussed in the next section.
Case 2. wo =
The 0 (1) equations are solved as in the previous case to give V oW  =  C q and X a (t) — 
j4q eos sin woi —Oo/wo- Using these expressions for Xu and Yb we can solve; (5.6.6b)
for Yi . Then, substituting for A'o, Yq and Y\ into (5.6.6a) gives the following conditions 
for the elimination of secular terms from the oscillating components at the 0 ( e )  level,
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— w \Bq ) siu/ci =  0, (5.6.11a)n k1,
l0 j  cos K t =  0 ,
/
V «
^ B otto  _j_ ^  |  G0S (5 .6 .11  h)
where A$ and B q are non-zero. Solving (5.6.11) for «o and wi gives «o = u>i — 0. Thus, 
we require the 0 (e2) equations to determine the transition curve at u>o =  k'2- Using the 
results from the 0(1) and O(e) level we can solve (5.6.71)) for Y2. Finally, substituting the 
expressions for A'o, X\  and Yi into (5.6.7a) results in the following two conditions which 
must be satisfied if secular terms are to be removed from the solution at this order,
- B 0
/  AptviP  
V 2 k





 ^ sin/ct =  0, (5.6.12a)
cos K t — 0. (5.6.12b)
We solve (5.6.12) for u>2 to get
^  =  è ± \ ] { è ) i - c^  <5W3>
The equation for the transition curve at wn — k 2 is got by substituting (5.6.13) into (5.6.4), 
giving
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F igure 5.12: Comparison of the viscoelastic transition curves (solid) with those of the Mathieu 
equation(dashed). The critical values are marked by e\  for the transition curve at u)q =  /s2/ 4  and  
e2c for the transition curve at loq =  k2
A n alysis  o f th e  v isco elastic  tran sition  curves
T h e tran sition  curves for the v iscoe lastic  sy stem  are p lo tted  in  F igure 5.12. T h e  M ath ieu  
eq u ation  curves are in clu d ed  for com parison. E xam in in g  the tra n sitio n  curve at u> =  k 2 /4  
we see th a t it is raised  from  th e w -axis and is narrow com pared to  th e  M ath ieu  eq u ation  
curve. T here is a critica l (m inim um ) value o f th e  tran sition  curve given  by e\ =  2a ß /n . 
For values of e sa tisfy in g  e <  e£, th e  system  is stab le. T hus, th e  effect, o f in trod u cin g  the  
v isco e la stic  elem ent is to  increase th e  region o f sta b ility  and th u s it  has a stab ilis in g  effect 
on th e  param etric e la stic  system . Sim ilarly, we see th a t th e  tran sition  curve a t u  = k 2  
is raised  and narrowed com pared to  th e  corresponding curve for the e lastic  case. T h e  
critica l (m inim um ) value for e g iven by e2 =  y/2nöiß. T h u s, th e  region of sta b ility  is again  
increased.
It is im portant to  d istin gu ish  betw een  in stab ilities due to  th e  param etric ex c ita tio n  and  
th ose  due to creep. T h e param etric ex c ita tio n  can  d estab ilise  the con stan t load  sy stem  
by in troducing  an in sta b ility  in to  th e  oscilla tin g  term s w hile  th e  v isco e la stic  effect is to
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introduce an instability by way of an exponentially increasing term. Thus, while we have 
indicated regions of stability and instability in Figure 5.12, these refer only to instability 
due to the oscillating terms. There may be an instability due to creep present also and 
this would eventually destabilise (.he system.




6.1 In tro d u ctio n
In th is chapter we present a num ber o f issues relatin g  to  th e  d ynam ics o f th e  L ink m odel. 
W e discuss the sy stem  in  light o f recent work th a t has b een  done on nonlinear ju m p  
and bifurcation  problem s w ith  slow ly varying param eters. M uch o f th is work is b ased  on  
th e  m ethod  o f m u ltip le  tim e scales and averaging m eth od s, and  concerns th e  ca lcu la tion  
o f an  asy m p to tic  so lu tio n  to  a sy stem  o f differential equations. W e in trod u ce som e o f  
the m ain  ideas d iscu ssed  in H aberm an [12] and M arée [22], B o th  H aberm an and M arée  
in vestigate system s w ith  a slow ly varying param eter ¡j,. A s //, varies th rou gh  a critica l value, 
corresponding to  a b ifurcation  or jum p phenom ena, th e  m otion  o f th e  sy stem  b ecom es  
u n stab le  and a new  equilibrium  p ositio n  is a tta in ed . A lth ou gh  th ese  d ifferential sy stem s  
differ fundam entally  from  th e  th e  system  o f eq u ation s describ ing th e  v isco e la stic  L ink  
m odel, th e  theory  offers a n ew  insight into our problem  and su ggests th at further research  
in  th is d irection  m ay b e fruitfu l. In particular, th e  u se  o f averaging m eth od s su ggests  
th a t th e  ap p lica tion  o f th e  th eory  o f n ear-identity  averaging transform ations sh ou ld  be  
investigated . T h is  th eory  has evolved from  th e orig inal m eth od  o f averaging p rop osed  in  
1937 by K rylov and B ogo liu b ov  [2] and  is presented  in  d eta il in  C ole and K evorkian  [6]. For 
a system  w ith  a sm all param eter a, one a ttem p ts to  find an ad iab atic  invariant to  0 (ak). 
T h e procedure involves an averaging transform ation  o f the system . W e also d iscu ss the  
related  m ultip le  sca le  techn ique due to  K uzm ak [20], w ho in vestigates str ic tly  nonlinear  
second-order eq u ation  w ith  so lu tion s w hich  are slow ly m od u lated  oscilla tion s. W e b eg in
th e  d iscu ssion  w ith  a background to  som e o f th e  ideas ju st  m en tion ed  and p resen t som e
problem s th a t have b een  exam ined . A n  in trod u ction  to  th e  theory  o f  ad iab atic  invariants
is presented  in  A p p en d ix  D  and a sim ple exam ple illu stra tes th e  idea.
6.2 R ecen t D ev e lo p m en ts  in  B ifu rca tio n  P ro b lem s w ith  S low ly  
V arying P aram eters
In th is section  w e ou tlin e  th e  recent work on b ifurcation  problem s w ith  slow ly varying p a­
ram eters d iscu ssed  in  H aberm an [12] and M arée [22], In  H aberm an, second  order sy stem s  
o f the form
x =  F { x , n )  (6-2.1)
are considered, w here ¡i is a b ifurcation  param eter. T h e  nonlinear fu n ction  F (x ,  //,) dep en d s  
on  its argum ents in  such  a w ay th at th e  sy stem  has a either a tran scritica l b ifurcation , 
pitchfork bifurcation  or there is a jum p phenom enon . P hysically , th ese  system s can  b e  
represented by m od els sim ilar to  th e  Link m odel. H aberm an allow s th e  b ifu rcation  p a­
ram eter [i to  vary slow ly  by se ttin g  /i = ¡j,(at). H e th en  in vestigates th e  behaviour of 
the so lu tion  as th e  b ifurcation  param eter p asses through  a critica l value. M u ltip le  tim e  
scale and m atched  asym p totic  m eth od s are used. T h e lead ing  order behaviour in  the  
transition  layer at th e  critica l point for various phenom ena is governed by th e  first and  
second P a in levé  transcendents (see Ince [19]). T yp ica l behaviour in  th e  case o f  a tran s­
critical b ifu rcation  is illu strated  in  F igure 6.1. T h e  so lu tion  is in itia lly  stab le  ab ou t th e  
zero equilibrium  p osition . A s th e  critical va lue is passed , th e  so lu tion  m ay transfer onto  
th e  secondary branch o f equilibria or it m ay becom e u n stab le  and  m ove to  som e other  
equilibrium  p osition . In  M arée[22], d am ped  second  order system s o f th e  form
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Figure 6.1: The slowly varying solution for a system with a transcritical bifurcation. The solution  
in (a) remains stable after passing through the bifurcation point fj, = fic, moving onto the second 
equilibrium path. In (b) the solution becomes unstable as the critical point is passed.
x  =  — a k x  +  F (x , fi(a , t) ) ,  (6 .2 .2a)
¡x =  a  (6 .2 .2b)
are stud ied . T h u s, th e  b ifurcation  param eter p,(a ,t) is slow ly  varying. T h is sy stem  differs 
from  th a t d iscussed  in  [12 ] in  that there is dam ping and th e  rate o f  change dep en d en ce o f  
th e  b ifurcation  param eter is specified . M arée determ ines a sy m p to tic  approxim ations to  
the so lu tion  using  th e  m eth od  o f averaging and m atched  asym p totic  expansions. A gain , 
th e  loca l tran sition  behaviour is described  by the first and  second P a in levé  transcendent. 
For a  «  1 and Gm/2  <  A <  1 /2 , th e  m otion  o f th e  system  (3.3.1) can  b e  com pared to  
that o f  (6.2 .1 ) and (6 .2 .2) in  th at it appears to  stab ilise  about a zero p o sitio n  b u t b ecom es  
u n stab le  at som e critica l tim e. A lth ou gh  th e  m otion s are sim ilar, there is a fu n dam ental 
difference b etw een  (6 .2 .1) and (6 .2 .2 ), and th e  system  described  by (3 .3 .1). T h e  form er are 
exam ples o f tu rn in g  p o in t problem s, w hile  th e  la tter has a con stan t b ifurcation  param eter  
and it is the slow  on set o f  creep, w ith  an O(a) rate o f  change, th at d estab ilises th e  solu tion . 
However, we can view  th e  creep function  y ( t ) as a tim e-d ep en d en t param eter w ith  a rate
of change th a t is o f  order O(a). In th is  case, we can m ake a con n ection  betw een  th e  creep
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fu n ction  y{t) o f  th e  system  (3.3.1) and th e  b ifu rcation  param eters o f  (6 .2 .1) and  (6 .2 .2 ). 
T h is has been  th e  b asis o f further work on th e  Link m odel.
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A vera g in g  M eth od s
In h is 1959 paper, K uzm ak [20] in vestigates str ic tly  nonlinear second order eq u ation s o f  
th e  form
x  +  g(x, r )  +  ah(x, x, r )  =  0, (6 .2 .3)
w here r  =  at. T h e  so lu tion s of (6.2.3) are slow ly  m od u lated  osc illa tion s. A s a  —> 0, th e  
reduced nonlinear oscillator
x + g(x, 0) =  0 (6.2.4)
has p eriod ic  so lu tion s in  som e interval xq < x  < x \.  K uzm ak works out th e  0 ( 1 )  so lu tion  
using in d ep en d en t tim e scales and later work ex ten d s these resu lts to  h igher order. Like 
(6 .2 .3 ), th e  sy stem  (3.3.1) is H am ilton ian  w h en  a  ->  0 and in  th is  case th e  energy is 
constant. For 0 <  a  «  1, th e  energy varies slowly. W h ile  the techn ique due to  K uzm ak  
cannot b e app lied  d irectly  to  (3 .3 .1), it  does su ggest th at w e look  at th e  energy o f sy stem  
and ap p ly  som e variant o f  th e  averaging m eth od .
T h e m eth od  o f near-identity  averaging transform ations w ould  seem  to  b e  a p ossib le  
candidate. T h is m eth o d  is applied  to  system s in  th e  form
^  =  a F (p ,q ,t ,a ) ,  (6 .2 .5a)
^  =  uj(p ,t,a) + a G {p ,q ,t,a ),  (6 .2 .5b)
w here O <  a  «  1 and th e  functions F  and G are 0 ( 1 ) ,  27r-periodic fu n ction s o f q. T h e  
basic idea is to  transform  th e  dependent variables p  and q to  new  variables P  and Q in  term s  
o f w hich th e  sy stem  is as sim ple as p ossib le  to  a g iven  order in  a. T h e  transform ed sy stem  is
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th en  so lv e d  a n d  th e  so lu t io n  is u sed  in th e  tra n sfo r m a tio n s  re la tio n s  lin k in g  (p, q) to  (P, Q)
to  o b ta in  a  s o lu t io n  to  th e  o r ig in a l p ro b lem . T h e  v ariab le  P  w ill b e  a n  a d ia b a t ic  in varian t
to  0 ( a )  for (6 .2 .5 ) .  O n e  p o ss ib le  a d v a n ta g e  o f  th is  a p p ro a ch  is th a t  a n  a p p r o x im a te
s o lu t io n  to  t h e  fu ll n o n lin ea r  p rob lem  m ay b e  p o ss ib le  if  s u ita b le  tr a n s fo r m a tio n s  are
fou n d . H ow ever, b efore th e  m e th o d  o f  n ea r - id e n tity  a verag in g  tr a n s fo r m a tio n s  ca n  b e
a p p lie d , w e n eed  a n  in it ia l tra n sfo r m a tio n  (a;, i )  —» (p ,q)  to  ex p re ss  (3 .3 .1 )  in  th e  form
o f  (6 .2 .5 ) . T h e  u su a l w ay to  a ch iev e  th is  is to  le t  p  b e  a  fu n c t io n  o f  th e  en er g y  E  o f  th e
red u ced  sy s te m  an d  let q b e  th e  p h a se . S u ch  a  tra n sfo rm a tio n  is  u sed  b y  B a k er , M o o re  and
S p ie g e l [1] w h o  in v e s t ig a te  a  s y s te m  o f  e q u a tio n s  th a t  is s im ila r  to  (3 .3 .1 ) .  in  A p p e n d ix
D  th ere  is a d e fin itio n  o f  a d ia b a t ic  in varian ce  a n d  an  e x a m p le  th a t  il lu s tr a te s  th is  ty p e  o f
tra n sfo r m a tio n . W h ile  w e ca n  d e fin e  a  n u m b er o f  en er g y  fu n c t io n a ls  for (3 .3 .1 ) ,  it, rem a in s





In th is  th esis we have considered th e  dynam ic and q u asi-sta tic  m o tio n  o f a nonlinear  
v isco e la stic  L ink m odel. W e have form alised  and  ex ten d ed  th e  work done b y  H unt and  
T hom pson  [18] and H aym an [14, 15]. In  C hapter 3 we an alysed  th e  d yn am ic  sy stem  for 
th e  L ink m od el, startin g  w ith  th e  elastic  sy stem  w ith ou t im perfection . T hree equilibrium  
branches are identified . T h e sta b ility  analysis in d icates th at th e  sy stem  undergoes a 
transcritica l b ifurcation  at th e  in tersection  p o in ts o f th ese equilibria . In th e  im perfect 
case, th e  tran scritica l b ifurcation  property is lost and  the critica l load  for th e  sy stem  is 
reduced in  ab so lu te  value. T h e  perfect and  im perfect v isco e la stic  sy stem  is also stud ied . 
B y projectin g  th e  equilibria o f  th e  v isco e la stic  sy stem  onto th e  xA -plane, w e are able to  
com pare th em  w ith  th e  equilibria  o f th e  e la stic  system . W e have show n th a t th e  eifect o f  
th e  v isco e la stic  elem ent is to  scale th e  e la stic  critica l load  by th e  factor Gm. T h is is true  
in  b o th  th e  perfect case and th e  im perfect case. C onditions on  th e  sy stem  param eters A, a  
and Gm are determ ined  for th e  perfect sy stem  close to  th e  zero equ ilibrium  branch. W e 
find th a t for Gm <  1 and values o f  A sa tisfy in g  0 <  A <  1 /2  th a t there ex ists  som e value  
of a  >  0 such th a t th e  characteristic eq u ation  o f th e  linearised sy stem  has tw o com plex  
roots and  one real root. T h ese resu lts are u sed  in  C hapter 5 w h en  con stru ctin g  a sym p totic  
approxim ations to  th e  so lu tion  o f the linearised  system .
In C hapter 4 we stu d y  th e  qu asi-sta tic  approxim ation  to  th e  nonlinear system . W e allow  
the creep stress to  have a n on -tr iv ia l in itia l value. T h is contributes to  th e  im perfection  
in th e  m odel, a llow ing an increased set o f  in itia l p osition s for th e  system . T h is results  
in  a greater range o f p ossib le  m otion s in  com parison  to  th ose  in d ica ted  in  [14, 15]. W e
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have show n th a t th e  loca tio n  o f the q u asi-sta tic  equilibrium  curves is equivalent to  those  
o f th e  dynam ic system . H owever, th e  sta b ility  properties differ. T here is a change in  the 
sta b ility  o f  th e  q u asi-sta tic  equilibrium  curve at th e  p o in t w here it in tersects th e  e lastic  
critica l locus. To th e  right o f  th is  in tersection  poin t th e  equ ilibrium  curve is stab le . T h is  
is in  contrast to  th e  resu lts in d icated  by th e  dynam ic analysis. T hus, th e  q u asi-sta tic  
analysis in d icates sta b ility  at som e equilibrium  p o in ts, corresponding to large deflections, 
w here th e  d yn am ic analysis in d icates th a t th e  system  is u n stab le . T h is is one o f  th e  m ain  
findings o f  the thesis.
In C hapter 5 we have determ ined  asym p totic  approxim ations to  th e  so lu tio n  o f the  
perfect m od el problem  linearised  about zero. W e analyse th e  m od el su b ject to  three  
load ing  strategies; th e  constant load  problem , th e  slow ly varying load  problem  and th e  
param etric load ing  problem . T h e resu lts o f th e  constant load  prob lem  agree w ith  th e  
an alytic  resu lts from  C hapter 3. In particular, we show  th a t an exp on en tia l term  decays 
(grows) for values o f load sa tisfy in g  A <  (> )A C, resu lting  in  a stab le  (unstab le) so lu tion . 
For th e  slow ly varying load problem  w e derive a con d ition  w hich  th e  tim e-d ep en d en t  
load  m ust sa tisfy  for th e  system  to  rem ain  stab le . W e show  th a t in  certa in  cases, th e  
system  rem ains stab le  even  i f  th e  load  occasion a lly  increases above th e  critica l value for 
th e  constant load  problem . F inally , w e look at th e  param etric load  problem . In th e  e la stic  
case, th e  p rob lem  reduces to  th e  M ath ieu  equation . W e show  th a t th e  v isco e la stic  elem ent 
has a sta b ilis in g  effect on  the oscilla tion s and  th a t there is a m in im u m  value o f  e below  
w hich th e  sy stem  has stab le  oscilla tions.
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An Overview of Differential Equation Theory  
A .l  In tro d u ctio n
In  th is  ap p en d ix  w e g ive a b r ie f overview  o f  th e  th eory  o f  ordinary differential equations.
d iscussed  in  th e  thesis. For a m ore d eta iled  ex p osition  we refer th e  reader to  G uckenheim er  
and H olm es [11], H ale and K ogak [13] and G lendinning [10]. W e b eg in  w ith  d efin itions o f  
differential eq u ation  system s, their  so lu tion s and th e  sta b ility  properties o f  th e  so lu tion s. 
We d iscu ss linear' and non-linear system s and  th e  relationsh ip  b etw een  them . T here is an  
in trod u ction  to  b ifurcation  theory  and th e  ap p lica tion  o f th e  C entre M anifold  theorem  at 
bifu rcation  p o in ts. W e conclude th e  overview  w ith  a section  on  conservative system s and  
their properties.
A .2 D ifferen tia l eq u ation s and stab ility .
A  differential eq uation  o f order n  is an  eq u ation  in  th e  form
T h e purpose o f  th e  ap p en d ix  is to  provide a background to  som e o f th e  concepts w hich  are
(A .2.1)
togeth er w ith  a set o f  in itia l con d ition s at t = to,
x ( t0) =  O0, =  Oi, ..., (¿o) — O-n-1*
W e can rew rite (A .2.1) as a sy stem  o f 1st order equations by settin g
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for 0 <  k < n  — 1. T h e system  o f l st-order equations is
%k =  ^fc+ii 1 <  k <  n  — 1 (A .2 .2a)
x n = F  (xx, ...,xn , t ) . (A .2 .2b)
W e w ill consider equations o f  the form
x  =  f ( x ,  i )  x  G R n, (A .2.3)
w here f  : R n x  R n —> R n . So, for (A .2 .2 ), we have f ( x ,  i)  =  (x2 , ...xn ,F ( x i , . . . , x n ,t))  In
general th e  fu n ction  f ( x ,  t) is non-linear. W e now give som e fu n d am en ta l resu lts in  the  
theory  o f ordinary d ifferential equations.
T h e o r e m  4 . (Local Existence and Uniqueness)
Suppose x  =  f ( x ,  t) and f  : R " X R  —> R n is continuously differentiable. Then there exists 
maximal t± > 0 and t2 > 0 such that a solution x ( i )  with x ( io )  =  xo exists and is unique 
for all t  G (t0 —t i , t 0 + t 2).
To em phasize th e  dependence o f  th e  so lu tion  x ( i )  on  th e  in itia l con d ition  we w rite  the  
so lu tio n  as ip (t,x0) w here <p(t,x0) =  x (t )  and (p(to,xo) = xo- </?(io,xo) is called  th e  flow  
th rou gh  xo at tim e t = f,Q. P rop erties o f  so lu tions o f th e  sy stem  can  b e  defined in term s 
of th e  flow. (A .2.3) is said to  b e  autonom ous if  th e  tim e t does not appear ex p lic itly  in
th e  right hand  side, so th at f  =  f ( x ) .  T here is no loss of generality  in  tak ing to = 0 if
th is  case. For autonom ous system s, th e  so lu tion  can b e  represented as an in tegral curve  
in  som e phase space.
D e f in i t io n  1 . The curve ( x \( t ) , ..., x n (t)) in R n is an integral curve of x  =  f ( x )  iff
( ± 1  ( t ) , . . . , x n (t)) =  f ( x 1 ( t) , .. .,x n (t))
for all t. Thus, the tangent to the integral curve at (x\(tk), ...,xn (tk) is i(x \( tk ) , . .. ,x n (tk))-
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W h ile  it m ay b e difficult to  d eterm ine an exact so lu tion , in form ation  ab ou t th e  behaviour
of th e  sy stem  can b e deduced  from  th ese integral curves.
For m any n aturally  occurring system s there are several a sso c ia ted  conserved q uantities.
T h ese  qu an tities are called  first integrals.
D e f in i t io n  2 . A real-valued, non-constant C 1 function
H  : R n -»  R ; x  ^  2 f(x )
is called a first integral of the differential equation x  =  f ( x )  i f  H  is constant on every 
integral curve, that is, for any solution x ( t )  with initial value x ( io )  =  xo , the composite 
function satisfies i i ( x ( f ) )  =  i i ( x o )  for all t  for which the solution is defined.
A  sy stem  contain ing a conserved qu an tity  is sa id  to  b e conservative. In  certain  m echanical 
sy stem s th e  to ta l energy o f th e  sy stem  is conserved along in tegral curves. W e d iscuss  
conserved system s in  m ore d eta il in  S ection  A .6.
D e f in i t io n  3 . A point x  S R n x  R  is an equilibrium point (A .2 .3) if
f  (x ) =  0.
E qu ilibrium  poin ts are fixed p o in ts o f  th e  flow so we have ip(t, x )  =  x . A n equilibrium  
p oin t x  is sa id  to  be non-degenerate if  f ' ( x )  ^  0. T h e behaviour o f  th e  sy stem  close to  
equilibrium  p o in ts can b e deduced  from  a stab ility  analysis o f th ese  p o in ts.
D e f in i t io n  4 . An equilibrium point x  o / x  =  f ( x )  is said to stable iff for all e >  0 there 
exists a 6  > 0 s.t. if  ||xq  — x || <  5 then ||y>(t,xo) — x || <  e for all t >  0. An equilibrium 
point is said to be unstable if it is not stable.
D e f in i t io n  5 . An equilibrium point x  of x  =  f ( x )  is asymptotically stable if it is stable 
and, in addition, there exists a 8  s.t. if  ||x° — x || <  § then \\ip(t,x ° )  — x || —>■ 0 as t —> oo.
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From  th e  defin itions we see th a t a fixed  point is stab le  if  so lu tion s w hich  start close to  the  
fixed  p o in t rem ain  close to  th e  fixed  point for all tim e. A sy m p to tic  sta b ility  im plies th a t  
a so lu tion  th a t starts close to  a fixed  poin t w ill ten d  tow ards th e  fixed  p o in t in  th e  lim it
as t  —>■ oo.
S uppose th a t th a t th e  nonlinear d ifferential eq u ation  (A .2 .3) has a fixed  p oin t at x ,  th en  
f ( x )  can  be expanded  in  a Taylor series about x  to  give
x  =  D f ( x )  x  +  h.o.t.
w here D f ( x )  is th e  Jacob ian  m atrix  o f f  evaluated  at x  defined as
D f(* )  =
Ê J ± ( 5 t )  Q l i ( î r )  0X1 W  dx2 W
and h.o.t denotes higher order term s. T h e  equation
\
axi '-x / dx2 vx i dXn vx ^
f e w
(A .2.4)
X  =  D f ( x )  x (A .2 .5)
is th e  lin earisa tion  o f (A .2 .3) at x .
D e f in i t io n  6 . A fixed point is said to be hyperbolic if  the eigenvalues of the Jacobian 
m,atrix defined at the fixed point have non-zero real parts, otherwise it is non-hyperbolic.
T h e sta b ility  o f  h yperbolic  fixed  p o in ts can b e  determ ined  by ca lcu la tin g  th e  eigenvalues  
o f (A .2.4) evaluated  at th e  fixed  point.
P r o p o s i t io n  7 . I f  the eigenvalues of (A .2 .4 ), evaluated at a hyperbolic fixed point x , have 
strictly negative real parts then the fixed point x  is asymptotically stable.
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P r o p o s i t io n  8 . I f  at least one of the eigenvalues of (A .2 .4 ), evaluated at a fixed point x,
has a positive real part then the fixed point x is unstable.
W e can ca lcu late  so lu tion s to  (A .2.5) system  directly. Let
x  =  A x  (A .2 .6)
be a linear system  w here A  is a m atrix  w ith  constant coefficients. G iven  an  in itia l co n d itio n  
vector xq w e can w rite th e  so lu tion  to  (A .2 .6) as
(p{t,x0) = x 0eA i.
So, provided we can ca lcu la te  th is exponentia l, we can  w rite  dow n so lu tion s to  th e  linear  
sy stem  for any given in itia l condition .
A .3 Invariant su b sp aces
W h ile inform ation  about th e  loca tio n  and sta b ility  o f  fixed  p o in ts o f  a sy stem  is crucial to  
und erstan d in g  the d ynam ics o f th e  system , w e w ould  also like to  b e  able to say som eth in g  
ab ou t th e  long term  behaviour o f  th e  system . To do th is  we first need to  define invariant 
subspaces.
D e f in i t io n  7 . A set M  is invariant iffM xo €  M, cp(t,x.o) £ M  for all t. A set is forward 
(resp. backward) invariant ¿/V  Xo G o) € M  for all t  >  0 (resp. t  <  0 /
A p o in t in  th e  invariant set w ill rem ain  in th a t set during th e  m otion  o f th e  system . In  
th e  case o f  (A .2 .6) th e  e igenspaces are invariant subspaces.
D e f in i t io n  8 . Let v  i , . . . , v na be the n s eigenvectors of A  whose eigenvalues have strictly 
negative real parts. Then
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E s(5t) =  span{\ i , . . . , v „ a}
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!is the stable m anifold o f  x .
D e f in i t io n  9 . Let V|, . . . ,v?lu be the nu eigenvectors o f A  whose eigenvalues have stric tly  
positive real parts. Then
E u{x) =  s p a n {v
is  the unstable m anifold o f x .
D e f in i t io n  1 0 . Let v j , . . . ,  v „ c be the n c eigenvectors of A  whose eigenvalues have zero  
real parts. Then
E c(x) =  span{vh ...,v nJ
is  the center m anifold of x .
S o lu t io n s  w h ich  lie  o n  (.he s ta b le  m a n ifo ld  o f  x  are  ch a ra c ter ised  by e x p o n e n tia l d eca y  
w h ile  th o se  o n  th e  u n s ta b le  m a n ifo ld  are ch a ra c ter ised  by e x p o n e n tia l g ro w th .
A .4 T h e N on lin ear S y stem  x =  f(x )
W h ile  th e  lin ear s y s te m , (A .2 .6 ) can  b e  so lv ed  e x p lic it ly  w ith  th e  s o lu t io n  g iv e n  b y  
ip(t, xo) =  X()fA i. in g en er a l w e c a n n o t  so lv e  t h e  n o n -lin ea r  s y s te m  x  — f ( x ) .  H ow ever, b y  
e x a m in in g  th e  fixed  p o in ts  o f  th e  n o n -lin ea r  s y s te m  w e ca n  d e te r m in e  so m e  fa c ts  a b o u t  
its  d y n a m ic  b eh a v io u r . T h e r e  are tw o fu n d a m en ta l re su lts  o f  d y n a m ica l s y s te m s  th e o ry  
w h ich  r e la te  th e  b eh a v io u r  o f  th e  n o n -lin ea r  s y s te m  to  th a t  o f  th e  lin ea r ised  s y s te m  c lo se  
to  lix ed  p o in ts . D e n o te  th e  lin e a r isa tio n  o f  x  =  f ( x )  a t th e  fixed  p o in t  x  by
w h ere  D f  (x ) is  th e  J a c o b ia n  m a tr ix  o f  f  ev a lu a te d  a t  x .
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x  =  Df(x)  x ,  x £ R “  (A .4.1)
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T h e o r e m  5 . (Hartman- Grobman)
I f D f ( x )  has no zero or purely imaginary eigenvalues then there is a homeomorphism  h  
defined on some neighbourhood U of x  which takes orbits of the nonlinear flow to those 
of the linear flow eD^ x t^ . The homeomorphism can be chosen so that parameterisation of 
orbits by time is preserved.
Let U b e som e n eighbourhood  o f x ,  a fixed p o in t o f  x  =  f ( x ) .  We define th e  lo ca l stab le  
m anifold  Wfoc(x) by
W ^c( x ) =  { x  E U | (p(t, xo) x  as i  —» oo, ip(t, xo ) G U for all t  > 0} (A .4.2)
and th e  loca l u n stab le  m anifo ld  W ^c(5t) o f x  by
Wu,c(x) = { x  G U | (p(t,xo) —> x  as t —> — oo,ip(t, Xo) G U for all t < 0} (A .4.3)
T h e o r e m  6 . (Stable Manifold Theorem) Suppose that x  =  f ( x )  has a hyperbolic fi,xed 
point x  and that E s and E u are the stable and unstable m,anifolds of the linearised system  
x  =  D f ( x )  x . Then there exists local stable and unstable manifolds ^ ¿ c(x ) , W^ “c (x ) to 
x  =  f ( x ) ,  of the same dimension as E s and E u . These manifolds are tangential to E s 
and E u at x  and as smooth as the function  f .
T h e stab le  m anifold  theorem  show s th at th e  loca l structure o f  h yperbolic  fixed p o in ts o f  
th e  non-linear flow is th e  sam e as for the linearised  flow. W e can  also say som eth in g  about  
perturbations o f  th e  non-linear system .
P r o p o s i t io n  9 . Let x  be a hyperbolic fixed point of x  =  f ( x )  and let
x  =  f ( x )  +  e v ( x ) ,  e « 1  (A .4.4)
be a small perturbation to the non-linear system. Then (A .4.4) has a hyperbolic fixed point 
close to x  tuhich is of the same type as x .
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T hus th e  d ynam ics in  a neighbourhood o f a h yp erb olic  fixed  p o in t are invariant to  sm all 
p erturbations o f  th e  defin ing differential equation. T h e  p roof is a  consequence o f th e  
im p licit fu n ction  theorem .
A .5 B ifu rca tion  T h eory
In  ap p lication s, th e  governing differential eq u ation  can depend  on  a num ber o f param ­
eters. T h ese param eters w ill typ ica lly  have som e p h ysica l representation . For exam ple, 
th e  equation  for a structure th a t is subject to  load in g  over tim e  w ill have a param eter  
th at m easures th e  load at a g iven  tim e. B ifu rcation  th eory  is concerned w ith  th e  q u alita ­
tive  changes to  th e  top o log ica l features o f flow as one or m ore param eters are varied. In  
particular, we are in terested  in  values o f th e  b ifurcation  param eters at w hich  th ese  qual­
ita tiv e  changes occur. A  fundam ental observation  is th a t for hyperbolic fixed  p o in ts  the  
behaviour o f the flow is com p lete ly  determ ined  by the linearised  flow and th a t th e  to p o lo g ­
ical features at a fixed p o in t persist under sm all p ertu rb ation s to  th e  defin ing equations. 
H ence, b ifurcations o f  fixed  p o in ts can on ly  occur at param eter values for w hich  th e  fixed  
poin t is non-hyperbolic. Let
x  =  f  (x , n) (A .5.1)
w here f  : R "  x  R^ —> R n b e  an autonom ous system  o f equations d ep en d in g  on  th e  k-
d im ensional param eter T h e equilibrium  p o in ts o f (A .5.1) are g iven by so lu tio n s o f
the equation  f ( x , / i )  =  0. T h e  Im plicit F unction  theorem  im plies th a t th ese  equ ilibria
are described by sm o o th  functions o f  ¡j, away from  n on-hyperbolic  fixed  p o in ts. T h ese  
functions describe a branch o f equilibria. A t a n on -h yp erb olic  equilibrium  p o in t (x , /}.), 
several branches m ay com e together. In such a case, th e  p o in t (x , fi) is called  a b ifu rcation  
point. It is usefu l to  p lo t th e  branches o f  equilibria  as fu n ction s o f  the param eter. T h ese
A 1 0 5
figures are referred to  as b ifurcation  diagram s. B ifurcations th a t occur rep ea ted ly  are
classified according to  schem es w hich are based  on con cep ts o f  tran sversa lity  and  co­
dim ension . O ne o f th e  m ost im portant techniques for stu d y in g  b ifurcations is b a sed  on  
th e  n on-hyperbolic  equivalent o f  th e  Stab le M anifold  T heorem , called  th e  C entre M anifold  
T heorem . T h is generalises th e  idea o f  th e  centre m anifold  for linear sy stem s to  nonlinear  
system s.
T h eo rem  7. (Centre Manifold Theorem.) Let f  E O r (R n ) with f( 0 ) =  0 and let A  =
D f(  0). Divide the eigenvalues Aj of D f (  0) into 3 sets, a s,a u and ac, with
< 0  if  Ai E as,
Re Xi — o if Aj G a c,
> 0  if  Xi E au,
Let E s , E° and E u be the corresponding generalised eigenspaces. Then there exist C r stable 
and unstable manifolds W s and W u tangential to E s and E u respectively at x  and a C T ~ 1  
center manifold, W c, tangential to E c at x. All these manifolds are invariant, but W ° is 
not necessarily unique.
T h e C entre M anifold  T heorem  im plies th a t at a b ifurcation  p oin t th e  sy stem  can b e  
w ritten  loca lly  in  co-ordinates (x, y , z) G W c x  IVs x W u on th e  invariant m anifo lds in  
th e  form
x  =  g (x ) (A .5 .2a)
y  = - B  y  (A .5 .2b)
i  = C  z (A .5 .2c)
w here B  and  C  are p o sitiv e  defin ite m atrices. T h e  m otion  on  W s is tow ard the fixed  p oin t  
and th e  m otion  on  W u is away from  th e  fixed  p o in t. Therefore, loca l behaviour can b e  
determ ined  by so lv in g  (A .5 .2a).
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A .6 C on servative S y stem s
C onsider th e  second order system
x \  =  x i  (A .6.la )
¿2 =  —v(xi)  (A .6 . lb )
w here v : R  —> R  is a  G 1  function . T h e  m otion  o f (A .6.1) is described  by th e  so lu tio n  
vector <p(t, xo) w hich  is tim e dependent. H owever, there m ay ex ist fu n ction s o f  </?(i,xo) 
w hich rem ain  con stan t during th e  m otion  and d ep en d  on ly  on th e  in itia l con d ition s. Such  
fu nctions are called  first integrals o f  th e  m otion . C ertain  functions p lay  an  im p ortan t role
in  th e  p h ysica l d escrip tion  o f the system , for in stan ce, th e  energy fu n ction . A  sy stem  is
said  to  b e  conservative if  it has a first in tegral o f  th e  m otion . D efine th e  energy fu n ction  
of (A .6 .1 ) by
E ( x i , x 2) = ^x% +  V ( x t ) ,  (A .6.2)
w here
V ( x \ )  =  f  v ( s ) d s .  (A .6 .3)
Jo
T he first term  | x \  in  (A .6 .2) is called  the k in etic  energy and (A .6 .3) is th e  p o ten tia l 
energy. D ifferentiating  (A .6 .2) w ith  respect to  tim e  gives
■ d E  . d E  . . . . .
E  =    X\  +    X2  =  v ( X l ) X 2  — X2 V(Xl )  =  0.
d x \  a x 2
Therefore th e  energy fu n ction  is an integral o f th e  m otion  o f (A .6.1) and thus th e  sy stem
(A .6.1) is conservative. T h e  p o ten tia l energy fu n ction  V (x  | ) contains in form ation  on
th e loca tio n  and  sta b ility  ty p e  o f the fixed p o in ts  o f  the conservative system . T h e  fixed  
p oin ts are in  th e  form  (¿ 1 , 0) w here x\ satisfies V' (xi )  =  0. M oreover, i f  we ca lcu la te  th e
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V(x)
X
F ig u r e  A .l :  P otential Function:(a,c) Stable center points (b) U nstable saddle point (d) U nstab le  
cusp point
linearisation of the non-linear system at a fixed point (;£;, 0 ) we get
the stability type of non-degenerate equilibrium points by examining these eigenvalues. We 
see that minimum points of the potential correspond to stable centers while the maximum 
points of the potential correspond to unstable saddle points. For degenerate fixed points 
(i.e. V"(xi) =  0) we must examine higher order terms of the potential function V . We 




\  - m )  o y
The two eigenvalues of the Jacobian matrix are given by ± y / —V"(x\).  We can determine
dB
and therefore the energy function is a Hamiltonian for the system.
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Appendix B
The R oots of the Characteristic Polynom ial A (p).
In th is  a p p en d ix  we present several theorem s th a t are used in  th e  th esis  concerning  
the roots o f  th e  characteristic  p o lyn om ia l A  (p). T h e R ou th -H u rw itz criterion  is used  
in  th e  sta b ility  analysis o f equilibrium  p o in ts. D eta ils  o f  th is  criterion  are found  in  [3].
with positive real part is equal to the number of sign changes in the sequence 1, D \, D 1 D 2 , a.3
C onditions for th e  ex isten ce  o f a pair o f com plex  roots for (B .0 .1) can  b e  determ ined  by  
ap ply ing  R o lle ’s T heorem  to  d,A/dp = 0 .
T h eo rem  9. Existence of complex roots of A (p).
T h e rem ain ing theorem s refer to th e  relationsh ip  betw een  the coefficien ts o f  A (p) an d  th e
existen ce  o f com p lex  roots.
T h eo rem  8 . The Routh-Hurwitz Criterion.
Let
A  (p) =  p3 + a ip 2 +  a2p +  a 3 (B .0 .1)
be a cubic polynomial in p. Define the determinants D \,D 2 and D 3 as
The real parts of the roots of (B .0 .1) are strictly negative (nonpositive) i f  and only if the
determinants D \, D 2 and D^ are positive (nonnegative). Furthermore, the number of roots
A  (p) = p 3 + a ip 2 +  a2p  +  a 3 (B .0 .2)
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be a cubic polynom ial in p. Then, there, exists a pair o f complex conjugate roots o f  (B .C .2)
if  a\ <  .
Proof. F rom  R o lle s  T h eo rem  w e k n ow  th a t  A (p )  — 0  h as a  p a ir  o f  c o m p le x  r o o ts  if  
clA/clp — 0  h as c o m p le x  r o o ts . W e liave
d A
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w itli r o o ts  a  a n d  g  g iv e n  by
—  =  3 p 2 +  2«] 7; +  02 
dp
al. , \J«? — 3« 2
a  =  — — ±
3 3
T h u s , th e  ro o ts  are c o m p le x  i f  a i  <  \/3a-2- □
P r o p o s it io n  10 b elo w  is u sed  in  S e c t io n  3 .3  to  d e te r m in e  r e la t io n sh ip s  b e tw e e n  th e  m o d e l 
p a ra m eter s  th a t  en su re s  th e  e x is te n c e  o f  c o m p le x  ro o ts  for th e  c h a r a c te r is t ic  e q u a tio n .  
F irst w e s t a te  th e  fo llo w in g  lem m a ,
L e m m a  1 . Let (B .0 .2 )  have two equal real roots p and one other root g. Let p + and  />_ 
be the roots o f d A /d p  where p -  <  p± . Then either
p =  P - ,  Q =  3p+-  a n d  p <  Q (B .0 .3 )
or
p =  p + g =  '- P f>+ an d  p  >  g  (B .0 .4 )
P r o p o s i t io n  1 0 . Let (B .0 .2 )  have two equal real roots p and one other root g where p and 
g are given by (B .0 .3 )  and (B .0 .4 ) ,  We have 0.3 =  - p 2g. Let A ‘ (p) be a perturbation of 
A (7;) where A *(p) — p* +  a \p 2 +  a 2p  +  a$. Then, A*(p) has complex roots fo r  03 satisfying
2 3P -  -  p+  * 2 3P+ ~  P -
P+ Ô <  3 <  P -  n
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Center Manifold Analysis.
A p p en d ix  C
In  th is  a p p e n d ix  w e in c lu d e  t h e  c a n o n ica l tra n sfo r m a tio n  u se d  in th e  c a lc u la t io n  o f  
th e  cen ter  m a n ifo ld  a t  th e  b ifu rca tio n  p o in t  (xi ,  A) =  (0,Orn/2).  W e a lso  w r ite  o u t  th e  
fu n c t io n s  f t , / a  a n d  /,■}. T h e  ca n o n ic a l tra n sfo r m a tio n s  are
(  \  
u













T h e  n o n -lin ea r  fu n c tio n s , to  q u a d r a tic  ord er, are
\  /  \
u
- ¥ 2 a \Zf -  <S>’  - f \  /
/i(u,ü,u;,/¿) =  -  ^ / ¿ (u  +  w) -  -  ( “ )2)n2 +  ( | -  ^  -  ( ^ ) 2)ww-|- (|  -
2 «
/S / T  " 8
3
8 4 '
“ \ / f - ( § ) 2 , u  a , , 2
+  — 1 g +  w )) “  4  ( «  +  w ) >
\ (1 -  IfOM** + w ) (3 -  a 2 3 , a v¿\ ¿ / 3  P t a \2 \
h {u ,v ,w ,u)  ) ~ - - ( ( x  -  ) 2 ) « 2 +  ( 7  ~  T  ~  ( o )
\ / f  -  ( ? ) 2 8 2  4 4  2
+  ( g  -  J *  +
fV,2
h (u  +  tu ) )   -
2 8 \ / f - ( ! ) 2
(ti +  u )2 ,
,  / x 2o; . . 2 a  . , 3  , 0 ; .. ,.  2  , , 3  p  , a \ 2 \ , / 3  /? v  2
/ s ( u ,V ,w , ¿ 0  = — ¿»(if +  to) +  —  p ( ( -  -  ( - )  )u +  ( 7  -  7  -  ( o )  )wu; +  ( 5  _
' vv8 4  4 l 8  4 ‘
A p p en d ix  D
Adiabatic Invariants
D . l  In tro d u ctio n
In th is  a p p e n d ix  w e  d efin e  an  a d ia b a tic  in varian t for th e  s y s te m  (D .1 .1 )  a n d  illu s tr a te  
th e  c o n c e p t  w ith  a  s im p le  ex a m p le . A fu ller  a cc o u n t o f  th e  th e o r y  is g iv e n  in  C o le  an d  
K evork ian  [6], C o n sid e r  th e  fo llow in g  sy s te m  o f  d ifferen tia l e q u a tio n s  in  s ta n d a r d  form ,
~  = a F ( p , q , t , a ) ,  ( D . l . l a )
—  =  u>(p, t, a ) +  a G (p , q, t, a ) ,  ( D . l . l b )
w h ere a  1. W e a ssu m e  th a t  F  an d  G  are 0 ( 1 ) ,  2n  p e r io d ic  fu n c t io n s  q.
D e f i n i t i o n  1 1 .  A function  $ (p, q, t,  a )  w ith derivative
dty
—  =  if>(p, q, a )
is an adiabatic invariant to 0 ( a k) of (D .1 .1 )  i f  ip satisfies the following two conditions,
(i) if) =  0 ( a fc+1) ,
(ii)  if> has a zero average, to  O ( o * + I ) over the period of q,
[■'ht
/  x/){p, q, t., a )d q  =  0 ( a K+2), ( I ) .1 .2 )
Jo
If (/> =  0 th e n  w ou ld  b e  a n  e x a c t  in v a ria n t. T h u s , an  a d ia b a t ic  in v a r ia n t is c o n s ta n t  t o  a 
g iv e n  o rd er in  «  in  a n  a sy m p to t ic  se n se  an d  th e  c o n d it io n  o n  th e  av era g e  o f  if) e n su re s  th a t  
th e  error in  a ssu m in g  th a t  lI; is  c o n s ta n t  is 0 {a tk + 1) u n ifo rm ly  in 0 <  t  <  T (a )  — 0 ( a  l ). 
T ra n sfo rm in g  a  g iv e n  sy s te m  o f  d ifferen tia l eq u a tio n s  t;o th e  s ta n d a r d  fo rm  ca n  o fte n  b e
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achieved by look ing  for a transform ation  w hen  a = 0 and  th en  ap p ly in g  th is tran sform ation  
for a  7  ^0. T h is idea is illu strated  w ith  a sim ple exam ple. W e consider an oscilla tor w ith
sm all dam ping. T h e  reduced system  is H am ilton ian , b u t th is  p rop erty  is lo st for a  /  0.
D .2  T h e D a m p ed  L inear O scillator
T h e d am p ed  linear oscillator is represented by the fo llow ing secon d  order system ,
dx 1 _ .
—  = x 2, (D .2 .la )
^ -  = - 2 a x 2 - x 1, (D .2 .lb )
dt
where a « l .  T h e  reduced sy stem  is ob ta in ed  by se ttin g  a  =  0 and  resu lts in  th e  linear  
oscillator. W e can  express the reduced system  in term s o f the energy E ( t ) and  p h ase  q(t) 
using  th e  fo llow ing transform ation,
E = \ ( X 2 +  *l)> (D -2 '2a )
g =  ta n _ 1 (— ). (D .2 .2b)
X2
N ow , allow ing a  to  b e non-zero and using (D .2 .1) and  (D .2 .2), w e determ ine E  and q to
E  =  x 2 {x2 +  x \)  =  — 2ax% = —2a(2E  cos q2) =  —2aE  — 2aE  co s(2q)), 
q = 1  + a s 'm 2 q.
T h is sy stem  for E  and q is in  th e  standard  form  (D .1 .1 ). However, E  is not an ad iab atic  
invariant to  0( a )  because E(t)  does not sa tisfy  (D .1 .2) due to  th e  presence o f the —2a.E 
term . H owever, we can define a new  variable J ( t ) in  term s o f E(t)  such  th a t th e  eq u ation  
for j ( t )  satisfies (D .1 .2 ), g iv in g  us an ad iabatic  invariant for (D .2 .1 ). L ettin g  J  = $>(E,t ),
Appendix D, Section 2 __  Adiabatic Invariants
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where r  = at,  we get
,7 — fyfiE  + =  — a (2 E $ E  — i>T) — 2 a E  cos(2r/)<I>/;. (D.2.3)
Setting 2E4?/.; -  <I>r = 0 removes the average term from (D.2.3). We solve this condition 
to get <1>{E, t ) =  2 E e2r. Substituting for <I> into (D.2.3) gives
,7 = 2a J  cos(2ij).
The equation for J  contains no average term and satisfies the conditions of an adiabatic 
invariant to 0 (1 ) for the system.
Appendix D, Scction 2    Adlabatte Invariants
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